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1 Introduction

Equity is a notion to which economists pay greatest attention as well as efficiency.
Especially envy-freeness, which requires that each agent preferes own consumption
bundle to others’, has been one of the most important equity concept of the fair allo-
cation of goods since Foley (1967) and Varian (1974) (1976). Varian (1974) (1976)
showed that there is a tension between the envy-freeness and the efficiency in pure
exchange economies. As shown in Varian (1976) this tension becomes tighter un-
der the environment of pure exchange economies with continum set of consumers ;
that is, the only envy-free and efficient competitive equilibrium is the equal income
Walrasian allocation. While this result showed that it is difficult to cope with both
envy-freeness and efficiency in very general environment, it is natural and interesting
to inquire into whether the tight tension still occurs in another environment or not.
Sprumont (1991) investigated properties of a rule or an allocation mechanism defined
on the set of all single-peaked preferences of a single commodity. He proved that, the
uniform rule, where the same amount of a single divisible good is basically alloted to
everyone except people whose peaks are small enough if excess demand exists or large
enough if excess supply exists, is the unique rule satisfying envy-freeness, efficiency
and strategy-proofness.

Although Sprumont (1991) imposed three conditions on a rule, to fit with our pur-
pose, we focus on the first two condiions, that is, the envy-freeness and the efficiency.
In general, it is easy to show that there may be (even uncountably) many envy-free
and efficient allocations in Sprumont’s (1991) environment, and it is very interesting to
study the structure of the set of envy-free and efficient allocations.



Recently Sakai and Wakayama (2007) showed that the set of allocations which is
assigned by a rule satisfying peak-onliness ! and envy-freeness can be linearly ordered
by the Pareto dominance relation, and the allocation obtained by the uniform rule is
the most efficient allocation among them. Generally speaking, whether an allocation
is envy-free with respect to a preference profile depends not only on the position of
peaks but also on the overall shape of a preference relations, especially on the shape of
indifference curves. Because of the peak-onliness, in Sakai and Wakayama (2007) the
set of envy-free allocations obtained by their rule is in a very restricted subset of the set
of all envy-free allocations. However, if we remove the assumption of peak-onliness,
the set of envy-free allocations becomes much larger and more complicated.

There may be some equity concepts different from envy-freeness in Sprumont’s
(1991) environment. Schummer and Thomson (1997) investigated the allocation ob-
tained by the uniform rule, and they showed that it has the smallest variance of the
distribution of agents’ allotments among all of efficient allocations. Sprumont (1991)
also showed that uniform rule can be characterized by anonymity, which requires that
rule doesn’t depend on the name of agent, efficiency and strategy-proofness. Ching
(1994) showed that in Sprumont’s theorem envy-freeness (anonymity) can be replaced
by weaker condition equal treatment of equals, which requires that if agent i and j have
the same preference, then allotments for them are indifferent for them.

The main purpose of this paper is to introduce the family of algorithms with two
kinds of parameters that reaches any envy-free and efficient allocations if preferences
are single-peaked and there is only one good. In addition, our result can be interpreted
as a characterization of the correspondence from the set of preference profiles to the set
of allocations which assigns the set of all envy-free and efficient allocations for each
profile.?

The rest of this paper goes as follows. In section 2 we set notations and some prop-
erties of envy-free and efficient allocations in Sprumont’s (1991) environment are pre-
sented. Proposition 1 will offer a necessary and sufficient condition for envy-freeness
under efficiency. In section 3 we explain our method by using some figures. Section 4
offers the formal definition of our algorithm. To do this, Proposition 1 will play a very
important role. And the main theorem which characterizes the envy-free and efficient
correspondence is presented in section 4. Section 5 concludes this paper.

2 Setup

2.1 Notations

Let N = {1,2,...,n} be the set of agents. We assume that #N > 2 and r is finite. And
there is a perfectly devisible good whose amount we can be available is Q € R, .. For
each i € N, x; € [0,Q] denotes the amount of allotment that agent i receives. And if
X = (x1,...,%,) € [0,Q]" satisfies Yien Xi = Q, x is called a feasible allocation, or

I This condition requires that rule depends only on the positions of agents’ peak. The requirement is
implied by efficiency and strategy-proofness (See Lemma 2 in Sprumont (1991)). So if we pay great attention
to strategic aspect, then this requirement has much importance.

2Formal definition of this correspondence will be given in section 2.



simply an allocation. Let X be the set of allocations.

For each i € N, R; C [0, Q] x [0, Q] denotes the preference of agent i. We assume
that R; satisfies completeness 3, transitivity * and continuity 3. And P(R;) ¢ and I (R;)
7 denote the strict part and the indifferent part of R;, respectively. Furthermore we
assume that R; satisfies single-peakedness; there exists a point called the peak of R;
x*(R;) € [0, Q] such that for all y, z € [0, Q]

X(R)<y<z=x"(R)PR)yPR)z
2<y<x"(R) = x"(R) PR y P(R)) z.
Let S stand the set of all complete, transitive, continuous and single-peaked preferences

on [0,Q]. And we call R = (Ry,...,R,) € SN a preference profile, or simply a profile.
For the convenience we set

Sa={ReSV| Tiey x*(R) > Q},
So={Re SV | Tiey x*(R) = Q},
Sy ={ReSV| iy X" (R) < Q.

Sprumont (1991) presented an notion that catches the character of single-peaked
preferences well. That is the equivalent of x € [0, Q] with respect to R;, denoted by
eg,(x), and he expressed it as “closest substitute on the other side of the peak of R;.” It
denotes the indifferent point to x in R; if it exists. Here we give the formal definition
of it by following him. Given R; € S and x € [0, Q], Yg,(x) is the set defined by the
following;

{yel0,Q] | x"(R) <y} ifx<x"(R)
Y, (x) = {{x"(R)} if x = x*(R;)
{yel0,Q]ly <x"(R)} if x"(R)<x,
and eg,(x) is the point in [0, Q] that satisfies following three conditions;
(Deg,(x) € Yg,(x)

(2)er,(x) R; x 8
(3)fly € Yr.(x) s.t. er(x) P(R) Yy A Yy R; x.

3For all x,y € [0,Q], xR;y or yR;x.

4For all x,y, z € [0,Q], xR;y and yR;z imply xR;z.

SFor all y € [0,Q],{x € [0,Q] | xR;y} and {x € [0, Q] | yR;x} are closed sets in [0, Q].
SP(R;) = {(x,y) € [0,Q] X [0,Q] | xR;y and —(yR;x)}.

TT(R) = {(x,y) € [0,2] x [0,Q] | xR;y and yR;x).

81t is clear that eg;(x) always exists and determined uniquely. Furthermore

eg,(x) =x & x=x"(R)
and

er;(x) € (0,Q) = eg;(x) I(R;) x.



2.2 Envy-freeness and efficiency

As we stated in introduction, this paper is concerned with envy-free and efficient alloca-
tions. Envy-freeness requires that every agent doesn’t strictly prefer others’ allotments
to one’s own allotment. Formally, it is defined by the following.

Envy-freeness: Given R = (Ry,...,R,) € S¥. x = (x1,...,x,) € X is envy-free with
respect to R if and only if for all i, j € N, x; R; x;.

For each R € SV, EF(R) denotes the set of allocations that are envy-free with respect
to R.

Efficiency requires that no one can be better off without making someone be worse
off. But in the present environment, it is well-known that the requirement is equivalent
to the same-sidedness that requires everyone’s allotment is on the same side of one’s
peak. We adopt it as the definition of efficiency.

Efficiency: GivenR = (Ry,...,R,) € SV. x = (x1, ..., x,) € X is efficient with respect
to R if and only if

Pien X' R)=Q=>VieN: x; <x(R)
Dien X'(R) <Q=VieN:x*(R) < x;.

For each R € SV, eff(R) denotes the set of allocations that are efficient with respect to
R.°

If a function F : SV — 2% satisfies F(R) = EF(R) N eff(R) for each R € SV, we call
F the envy-free and efficient correspondence.

2.3 A Property of Envy-free allocations under efficiency

As efficiency can be represented by handy notion same-sidedness in this environment,
envy-freeness also has a character that helps us understand the requirement graphycally
under efficiency. To see this, we prepare a notation. For each R; € SV, x € [0,Q],
SU(R;, x) denotes the strict part of the upper contour set of x with respect to R;. That
is, SUR;, x) = {y € [0,Q] | y P(R;) x}. And

9Note the following fact; for each R € Sy,

eff (R) = {(x"(R1), ..., x"(Rn))}.
And obviously the allocation in the set is envy-free with respect to R because all agents get the most
desirebale allotment. After here we will mainly deal with profiles in S or S;.



SU R, = SUR,x) ifx#x*R),
P 1 x) if x = x*(R)).

Let’s consider the situation in which SU*(R;, x;) and SU*(R}, x;) are separated for
all i, j(i # j). The situation is described in figure 2-1.

Rl R2 R3 R4

X1 X2 )‘63 X4 Q

figure2-1

In this situation, x satisfies envy-freeness because the situation implies others’ al-
lotments are in the lower contour set. So we have the following fact.

Lemma 1. Given R € SY and x = (x1,...,x,) € X. If x satisfies the following
condition (%), then x is envy-free with respect to R.

(x) Vi,jeN:x = Xj VvV SU*(R;, x;) ﬂSU*(Rj,x]') =0

Proof. Obvious.

Although the second half of the condition (%) roughly requires that each agent’s
strict upper contour set is separated, this condition is due to our single-peaked environ-
ment. 2

Next we consider the converse of Lemma 1. The following example implies that
the converse of Lemma 1 doesn’t hold in general.

10Note that x*(R;) € SU*(R;, x).
I'This is equivalent to the following;

(roeg,(¥) i x <" (R) A eg,(x) T(R) x.
(x,eg; ()] ifx<x"(Ri) A eg;(x) P(R:) x,
SU*(R;, x) = {{x} if x = x*(R;),
(e, (0.2) i x*(R)<x A eg (1) T(R) .
[er;(x),x) if x*(Ri)) <x A er,(x) P(R;) x.

2For example, let’s consider the ordinary environment such that the consumption set for each agent is a
subset of Ri and each agent is described as a monotonic preference on it. Let x;, x; € Ri be the allotments
for agent i and j. Suppose that one agent cannot obtain all feasible resources. Then we can easily construct
y in the consumption set such that y P(R;) x; and y P(R;) x;. So strict upper contour sets usually intersect.



Example 1.
Let n = 2. R; and R, are preferences in S that satisfy 0 7(R;) Q and 0 7 (R;) Q. Let
X = (x1, x2) = (Q,0). Then x is envy-free with respect to (R, R»). But

SU*(Rl,xl) N SU*(RZ,XQ) =(0,1) # 0.

But the converse of Lemma 1 holds if allocation x is efficient.

Proposition 1. Given R € SN, Suppose that x = (x1,...,x,) € X is efficient with
respect to R. x is envy-free with respect to R if and only if x satisfies the following
condition (x).

() Vi,jeN:x; = xXjV SU*(R;, x;) ﬂSU*(Rj,Xj) =0
Proof. See appendix.

Corollary 1. Given R € SN, Suppose that x = (x1, ..., x,) € X is efficient with respect
to R and envy-free with respect to R. Then

VijeN:[x(R) < x'(R) = x < xj].
Proof. Obvious.

2.4 Uniform rule

In this subsection, we give the formal definition of uniform rule. f : S¥ — X is
called a rule . And uniform rule f*“ is the rule defined by the following; for each
R=(Ri,....,R)eSNandieN,

AR = min{x"(R;), AR)} if Dy X (Ri) 2 Q,
C \maxte (R), u(R) il Ty 1 (R) < Q,

where A(R) solves the equation ),y min{x*(R;), A(R)} = Q and u(R) solves the equa-
tion Yoy max{x*(R), u(R)} = Q.

It is well-known that f* is the only rule that satisfies envy-freeness, efficiency and
strategy-proofness. '3

13Note that three axioms are imposed on the rule here while envy-freeness and efficiency defined in 2.2
said the relationship between a profile and an allocation. So envy-freeness here requires that for each R € SV,
[(R) satisfies envy-freeness with respect to R in a manner defined in 2.2. Efficiency here requires that for
each R € SV, f(R) satisfies efficiency with respect to R in a manner defined in 2.2. And strategy-proofness
requires that Vi € N,R € SN, R € S : f(R)Rif(R},R_)).



3 Intuitive Explanation of a Method of Finding any Envy-
free and Efficient Allocations

In this section we consider a procedure that reaches an envy-free and efficient alloca-
tion. Proposition 1 and Corollary 1 offer a clue to do that. We take up only the case
R € 84, but the case R € S, can be dealt with dually. For the simplicity, we suppose
X'(R1) < x*(Rp) < --- < x"(R,). Roughly speaking, our procedure is composed of
two parts. In the first part, we set the allotment w; for each i from the agent who has
the smallest peak in R to the largest one. And consequently we obtain a candidate of
allocation w = (wy,...,w,) € [0,Q]"Y. In the second part, we check the feasibility
of w. Here, we explain the first part in detail. Suppose that utility representations of
Ri,R>,R3 and R4 in R are described in figure 3-1.

R1 R2 R3 R4
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figure 3-1

First of all, our method sets the allotment wy for agent 1 who has the smallest peak.
Since we want to construct an efficient allocation, w; must be a point in [0, x*(Ry)].
Formally, the point in [0, x*(R;)] that is chosen by our method is determined by the
parameter that is given. Here assume that w) is determined on the point described in
figure 3-1. Next we consider the allotment w, for agent 2. Before determine it, let’s
consider SU(Ry, w1). This set is denoted by the bold-faced open interval. w, must be
in [0, x*(R,)] if the allocation we are constructing is efficient. But if wy € [0, eg,(w1)),
then obviously

SU*(R1,w1) N SU*(Ry, wr) # 0,

and according to Proposition 1, envy-freeness for the allocation that we are construct-
ing is guaranteed only if w, = w;. So the only point in [0, eg, (w1)) that can be w; is
wi. And if wy € [eg, (W1), X" (R2)], then obviously

SU*(R1,w1) N SU* (R, wr) = 0.



Hence w, must be a point in {w1} U [eg, (w1), x"(Rz)] . Formally, the point in {w;} U
[er, (w1), x"(R2)] that is chosen by our method is determined by the parameter that is
given. And we define ws, ..., w, successively. This is the basic idea of the first part of
our procedure.

Note that wy in figure 3-1 was an allotment that satisfies x*(R;) ¢ SU*(R1, w1). But
the allotment for agentl determined by another parameter may not satisfy this condi-
tion. Let’s consider about the point w/ that are described in figure 3-2.
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figure 3-2

The question we want to consider here is the following; which allotment can agent 2
take if we want to construct an envy-free and efficient allocation? By efficiency, agent
2’s allotment w), must be in [0, x*(Rz)]. But obviously

SU*(Rl,Wll) N SU*(Rz,Wé) #0

for any w} € [0, x"(R2)]. So by Proposition 1, w/, must be equal to w/ if we want to
construct w = (wy, ..., w,) to be envy-free. Summing up the above, when we have set
the allotment of agent 1 w}, if x"(R>) € SU*(Ry, w)), then w/, is determined to be equal
to w} automatically. Furthermore, x*(R3) € SU*(R,,w}) in figure 3-2. So the same
argument induces the fact w} must be equal to w}. We continue to the same argument
till x*(Riz1) ¢ SU*(R;, w;) for some i. ' In figure 3-2, x*(Ry) ¢ SU*(R3,w3). So we
return to define wj to be

wy € (Wi} U [er,(W), x"(R4)],

depending on the parameter that is given.

Now assume that we have finished to define w = (wy,...,w,) € [0,Q]". This is
the end of the first part of our procedure. We go to the second part, and check the
feasibility of w. That is, we check whether

141f x*(Riz1) € SU*(Ri, w;) for all i, then the first part of our procedure is finished. And we go to the
second part.



ZieN Wi = Q

or not. 3 The next section offers the formal definition of our method we have seen in
this section.

4 A Method of Finding Any Envy-free and Efficient Al-
locations

4.1 Definition of the Method

As we saw in figure 3-2, agents | to 3 receive the same amount of good. This is be-
cause if we want to construct an efficient and envy-free allocation, any agents whose
preferences are located “near” must receive the same amount. What is the rigorous
meaning of “near” in our setup? The following is the definition of it.

Definition. Given R € SV. For each iy € N, x € [0, Q], we define N(ip, x) C N induc-
tively.

Stepl
Let Ni(ip, x) = {i € N | x*(R)) € SU*(R;,, x)}. ¢
IfSU*(R,', x) c SU*(R,'O,)C) forallie Nl(io,x), then N(io, x) = Nl(io,x). 17

Suppose that SU*(R;, x) € SU*(R;, ,, x) for some i € Ny_;(ig, x) in step({ — 1) for £ > 2.
Then pick i;_1 € N¢_1(io, x) such that SU*(R;, x) € SU*(R;, ,, x) for all i € Ny_;(ig, x)
and go to step ¢.'8

stepl
Let N¢(ip, x) = {i € N | x"(R;) € SU*(R;,_,, 0)}. ¥
If SU*(R;, x) € SU*(R;, ,, x) for all i € N¢(ip, x), then N(ip, x) = Ne(ip, x).

Because N is finite, this procedure stops in some steps. 20 2!

I51f w doesn’t satisfy feasibility, we consider our method reaches the uniform allocation f*(R).

16Because iy € Ni(io, x), N1(ip, x) is not empty.

17Note that C is complete on {SU*(R;, x) | i € N (i, X)}.

18Note that C is complete on {SU*(R;,x) | i € Ny_1(io,x)}. And since {SU*(R;,x) | i € Ny_1(ip,x)) is
finite, there exists an maximal element with respect to C.

DBecause ir_; € N¢(io, x), N¢(io, x) is not empty.

200bviously if x = x*(R;, ), then N(i, x) = {i € N | x*(R;) = x}.

2INote that the following fact which plays an important role in lemmas later. Given R € SV, iy € N,
x € [0,Q]. Then

(x < x*(Riy) = [Vj € N(io, x) : x"(Rig) < x*(Rj) = N(jyx) = Nlio, )]

@)x = x*(Riy) = |V € Nlio, %) : N(j,x) = Nlio, )],
()" (Riy) < x = [Vj € N(io, x) : x*(R}) < x*(Riy) = N(j.x) = Nlig. )]



The following lemma guarantees that N(ip, x) is the set of agents whose prefer-
ences are near to agent ip’s in the sense allotment for them must be equal to x if i
obtains x under the given profile.

Lemma 2. Given R € SV. Suppose that x = (x,..., x,) € X is envy-free and efficient
with respect to R. Then

VYie N,Vj € N(i,x,-) P Xj= X
Proof. See appendix.

Now we define the algorithm that is composed of two parts. The first part sets the
allotment w; € [0, Q] for each agent i € N, and the second part check the feasibility
condition of (wy,...,w,) obtained in first part.

Definition. Given R € S;. We define o : [0, 1]V x {0, 1}¥ — X inductively. For each
(p,q) € [0, 11V x{0, 1}V, a®(p, q) is the allocation obtained by the following procedure.
Without loss of generality, suppose that x*(R;,) < - -+ < x*(R;). %

In

Part A

step 1

Lety; = pi, -0+ (1 — pi)x"(R;). # ** And let N(R) = N (i1, y1).
If N\Nf’q(R) = (), then go to Part B.

Suppose that N\( el N,'f,’q(R)) # 0 in step(( — 1) for ¢ > 2. Then pick j,_; € N}3(R)
such that SU*(R;, y1) € SU*(R),_,,y1) foralli € N}’ﬂ(R) and go to step £.

step £
Since N\( el N,'f,’q(R)) # 0, there exists i) € N such that N\( Ul N,‘,’,"’(R)) =
{ixo)s ko1, - - - » In}. Let

ye = et if Gy = 0, 55
Pivo " €R;, Oe-) + (I = piy,) - X Ry, if gip, = 1.

Let NP4Y(R) = N(ixe, yeo)-
If N\( Ul NEY(R)) = 0, then go to Part B.
Because N is finite, Part A stops in some steps.

Part B
Let ¢ be the number of step Part A stops. And w = (wy,...,w,) € [0, Q]" is the point
defined by the following; for each i € N,

22Suppose also that if x* (R,-j) =x* (R,-j, ), then ij<iy & j<j’.
2Note that y; < x*(R;) forall i € N.
24Because i) € Nf'q(R), N?‘q(R) is not empty.

25Note that ye < X"(R;) forall i e N\( il N,‘,’,‘q(R)) because y,-1 < eg;

m=1 oy 1) < X (Rig) < X°(Ri).

10



yi ifie NPYR),
wi=anoo
ye ifieNPYR).
And let

w ifweX,
p.g =1, .
f“(R) otherwise.

Example 2.
Letn =4and R = (Ry,--+,Rs) € SV be the profile composed of the following pref-
erences. x*(R1) = £,x"(Ry) = £,x"(R3) = 2 and x*(Ry) = 2. AndR; (i =1,-+-,4)
satisfies

Vx,x' €[0,Q] : |x"(R) — x| = |x"(R) — x'| = xIT(R)x’.
It is easy to check that if we chose parameters p = (1, 1, %, %) and q = (1,1, 1,0), then
the algorithm o (p, q) reaches f“(R) non-trivially.

Furthermore, our method reaches efficient and envy-free allocation that cannot be

captured by uniform rule. Let’s consider the parameters p’ = (%, 1, %, %) and q' =
(1,1,1,0). Then

vi=30+(1-H2 =2 NPVR) = N1, 2)={1}. And g, (£) = 22,
v2=1-324(1-1D2 =32 N'VR) = N2, 32) = {2} And ex,(32) = 32.
y3=2-384(1-2)2 =% Andy, =y; = & because ¢ = 0.

Obviously of(p’,q") = (1—96, 31_?’ 61—(62, 61—(62) satisfies efficiency and envy-freeness. Note

that the allocation is different from equal division and no agent obtains her own peak.
So it is clear that our method reaches efficient and envy-free allocation that cannot be
assigned by uniform rule.

In example 2, the allocations assigned by o was envy-free and efficient. The next
lemma shows that this is true for all (p, q) € [0, 11V x {0, 1}V.

Lemma 3. Given R € S;. For all (p,q) € [0, 11V x {0, 1}V, a(p, q) satisfies envy-
freeness with respect to R and efficiency with respect to R.

Proof. See appendix.

In example 2, we saw two kinds of envy-free and efficient allocations were reached
by a®. Next lemma guarantees that there is no envy-free and efficient allocation with
respect to R which cannot be reached by aX.

Lemma 4. Given R € S;. Suppose that x is an allocation that satisfies envy-freeness

with respect to R and efficiency with respect to R. Then there exists a parameter
(p,q) € [0, 11V x {0, 1}" such that o®(p, q) = x.

11



Proof. See appendix.

For each R € 8, it is easy to define 8% : [0, 11V x {0, 1}¥ — X by imitating the
definition of @. And this definition results in the analogue of Lemma 3 and Lemma 4.

Lemma 5. Given R € S,. For all (p,q) € [0, 11V x {0, 1}", B%(p, q) satisfies envy-
freeness with respect to R and efficiency with respect to R.

Proof. See appendix.

Lemma 6. Given R € S,. Suppose that x is an allocation that satisfies envy-freeness
with respect to R and efficiency with respect to R. Then there exists a parameter
(P, Q) € [0, 11V x {0, 1}" such that g% (p, q) = x.

Proof. See appendix.

Now we are ready to state our main theorem.The theorem shows that any envy-
free and efficient allocations can be reached by the algorithms if the parameters(p, q) €
[0, 171V x {0, 1} are chosen appropriately.

Theorem. Given R € SV,
(DR € Sy = EF(R) N eff(R) = a®([0, 11V x {0, 1}V),
(2R € Sp = EF(R) Neff(R) = {(x"(Ry), ..., x"(R.))},
(B)R € S; = EF(R) neff(R) = BR([0, 11V x {0, 1}V).

Proof. Lemma 3 and Lemma 4 proves (1). (2) is obvious. Lemma 5 and Lemma 6
proves (3). Q.E.D.

5 Conclusion

We have characterized the set of allocations that is envy-free and efficient under the en-
vironment described in section 2. But the environment we have dealt was very partic-
ular. First although we assumed that there’s only one good, whether our method could
have insight to establish a method of finding all envy-free and efficient allocations in
the environment that have more than two goods or not will be an interesting question to
be studied next. Second, we have assumed that all agents had continuous preferences.
Whether this assumption can be dropped or not is worth while investigating.

Topological properties of the set of envy-free and efficient allocations are not dealt
in this paper. But whether it is connected or not is an interesting subject.

Appendix : Proofs

12



Proposition 1. Given R € SV. Suppose that x = (x1,...,x,) € X is efficient with
respect to R. x is envy-free with respect to R if and only if x satisfies the following
condition ().

(x) Vi,jeN:x = Xj Vv SU*(R;, xi) ﬂSU*(Rj,x]') =0

Proof. Thanks to Lemma 1, if part is trivial. We prove that envy-freeness implies
the condition (). Let 7, j € N be arbitrary. And suppose that x; # x;. We show that
SU*(R;, x;) N SU*(R;, xj) = 0. Without loss of generality, assume that x; < x;.

Casel Re Sy
By efficiency, x = (x*(R1), ..., x"(R,)). So SU*(R;, x;) = {x;} and SU" (R}, x;) = {x;}.
So SU*(R;, x;) N SU*(R;, xj) = 0 because x; < x;.

Case2 Re Sy,
Subcase 2.1 SU*(R;, x;) = (xi, eg,(x;))
Envy-freeness implies eg,(x;) < x;. By efficiency,

(xj,er;(xj)) if x; <x"(Rj) A er;(x)) I(R)) xj,
SU*(RJ', xj) = (Xj, eR/.(xj)] if Xj< x*(Rj) A eRj(xj) P(Rj) Xjs
{Xj} if Xj= x*(Rj).
So obviously SU*(R;, x;) N SU*(R;, x;) = 0.
Subcase 2.2 SU*(R;, x;) = (xi, eg,(x:)]
This case cannot occur because eg,(x;) P(R;) x; and envy-freeness implies eg, (x;) < x;.
But eg,(x;) = Q in this case.
Subcase 2.3 SU*(R;, x;) = {x;}
By efficiency,

(xj,er;(xj)) if x; <x"(Rj) A er;(x)) I(R)) xj,
SU*(RJ', x]') = (xj, eRj(xj)] if Xj < x*(Rj) A €Rj(x]') P(Rj) Xj,
{Xj} if Xj= x*(Rj).
And x; < x; implies SU*(R;, x;)) N SU*(Rj,x;) =0
Case2 Re Sy
A similar argument to Case 2 yields the conclusion. Q.E.D.
Lemma 2. Given R € SV. Suppose that x = (x1, ..., x,) € X is envy-free and efficient

with respect to R. Then

ViEN,VjEN(i,X,‘) P Xj =X
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Proof. We prove by contradiction. Suppose that there exist i’ € N and j/ € N(7’, x;)
such that x; # xy.

Case 1l x; = x"(Ry)
x*(Ry) = xp since j* € N(i’, xy). So envy-freeness of x implies x; = x*(R). But this
contradicts the hypothesis.

Case 2 xy < x"(Ry)*®

Let ¢ be the number of steps the procedure of finding N(i’, xy) stops. First we show
that x; = xp for all j € Ni(i’,xy). Since j € Ni(7',xp), x*(R;) € SU (Ry, x¢).
And this implies that x"(R;) € SU*(Ry, xy) N SU*(R;,xj). So by Proposition 1,
x; = xp. Suppose that x; = x; for all j € Np_1(@’, xi) 27 and we prove x; = x; for
all j € Ny (7', xy). By definition of Ny (7', x;), there exists ix_; € Ni_1(i’, xy) such that
Ni(@,xp) = {i € N | x*(R;)) € SU (R, x¢)}. So x*(Rj) € SU*(R;,_,,xr). And this
implies that x*(R;) € SU*(R;,_,, x¢) N SU*(R}, x;). So by Proposition 1, x; = x;.

Case 3 x*(Ry) < xp 28
We can prove this case by similar way to Case 2. Q.E.D.

Lemma 3. Given R € S;. For all (p,q) € [0, 1]V x {0, 1}V, af(p, q) satisfies envy-
freeness with respect to R and efficiency with respect to R.

Proof. If a®(p,q) = f“(R), then the conclusion is obvious. So we suppose that w
belongs to X in Part B of the procedure which finds a®(p, q). Efficiency of af(p, q) is
obvious. So we only show envy-freeness of a”(p, q).

Letx = (xq,...,x,) denote a®(p, q). Let i, j € N be arbitrary. And let £ and £ be
numbers such that i € N?’q(R) and j € N},’,’q(R). If £ = {’, then x; = y¢ = ypr = xj. So
obviously x;R;x;. We suppose that £ # ¢’ below. And there’s cases that allows y, = yg
and ¢ # ¢’ depending on parameters. But in this case obviously x;R;x;. So suppose that
ye # yp below.

Casel ¢’ <¢

In general, if £' < ¢, then yp < yp. So yp < y.
Xj Ye

Ye

Xi

x*(R;) (. x is efficient with respect to R).

IAN T A

So single-peakedness of R; implies x; P(R;) x;.

Case2 (<’

2Efficiency of x implies R € Sy.
27k is a number in {2,..., -1}
2Efficiency of x implies R € S;.

14



Let iy be an agent such that SU*(Ry, y¢) € SU*(R;,,ye) forall h € Nf’q(R). Then

x; < x*(R)) (- xis efficient with respect to R)
< ep(x)
= er,(ye) (" ye = xi)
< ex, (v0) (i € NPY(R)
< ye Cye # ye)
<

x"(Rj) (. x s efficient with respect to R).

Subcase 2.1 er,, (ve) = Q
If e, (ye) P(R;,) ye. then because SU™(R;,, y) = (ye,

NYA(R) ={h e N | x'(R;) € (v, Q1)

But this contradicts that £ < ¢’ and j € N?,’q(R). So eg, (ve) I (Ri,) y¢- By the definition
of a®, yp = Q. Since a®(p,q) = x € X, x; = y, = 0. And if Q P(R;) 0, then
SU*(Ri,,y¢) S SU*(R;,yr). But this contradicts the definition of i;. So 0 I(R;) Q and
this implies x;R;x;.

Subcase 2.2 er,, (ve) < Q

By the definition of iz, eg,(y¢) < Q. So x; ZT(R;) eg,(y¢). And single-peakedness of R;
implies e, (y¢)R;x;. So transitivity of R; implies x;R;x;. Q.E.D.

Lemma 4. Given R € S;. Suppose that x is an allocation that satisfies envy-freeness
with respect to R and efficiency with respect to R. Then there exists a parameter
(P, q) € [0, 1]V x {0, 1}V such that o®(p, q) = x.

Proof. Without loss of generality, we suppose that x*(R;) < -+ < x"(R)).
Step 1
Efficiency implies that x; < x*(Rp). So there exists p; € [0, 1] such that

X1 =1 -0+ (1 _Pl) . x*(Rl).
Letu; = x; and M (R, x) = N(1,u;). Because 1 € M; (R, x), M1(R, X) is not empty. By
Lemma 2, x; = u; for alli € M;(R, X).
For each i € M| (R, x), we put
Pi = P1 andq,- =1.
If N\M; (R, x) = 0, then obviously for p = (p1,...,pn) and q = (g1, ..., q,) We have

Q Q
a'R(p,q)z(ul,...,ul)=(;,...,;)=X.

Suppose that N\( Ufn’:ll M,,(R, X)) # 0 in step € and € > 2. Pick i,y € My 1(R,X)

such that SU*(R;,u¢-1) S SU*(R;, ,,ue-1) for all i € My,_1(R,x). And note that
er;, (e-1) T (R;, ) ue—1. If not, then SU*(R;, ,, ur—1) = (up-1, Q]. But this contradicts the
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hypothesis N\( Uﬁ":ll M,,(R, X)) # 0.

Step €
Since N\( Ul My(R, x)) # 0, there exists k(€) € {2,...,n} such that

N\(ULL My(R, %)) = (k(0), k() + 1,...,n}.?
By Corollary 1,

Ue-1 = Xke-1) < Xk(o)-
Case 1 Upr-1 = Xk(0)
Letu, = up-y and Mp(R, x) = N(k({), ue). Since k(£) € M(R,X), M/(R, X) is not empty.
And Lemma 2 implies x; = u, for all i € My(R, x). For each i € M,(R, x), we put

pi=1landg; =0.

Case 2 u;_; < Xk(t)

First, we show €r,_, (ue-1) < xey £ X"(Rypy). By efficiency, the right side of this
inequality is obvious. So we only show that e,  (#7-1) < X But this is obvious by
the hypothesis of Case 2 combined with Proposition 1. *°

So there exists pk) € [0, 1] such that

oy (Ue-1) + (1= piey) - X7 (Riey)-

Let uy = xiry and My(R, x) = N(k({), ug). Since k(£) € M¢(R, X), M(R, X) is not empty.
And Lemma 2 implies x; = u, for all i € My(R, x). For each i € M,(R, x), we put

Xk(t) = Pk(e) " €R,

pi = preyand g; = 1.

Because N is finite, this procedure stops in finite steps. Let £ be the number; that

is,
N\( UL, Mu(R, %)) = 0.
Then we have obtained p = (py1,...,p,) and q = (q1,...,qn). And obviously
NPYR) = Mi(R,X), ..., NpU(R) = M((R, X)
and

Vi = Uty Yo = Ug.

D% et k(1) = 1.
30Note that since iy € Mf,l(R, X), Xip = Uf-1.
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So a®(p,q) = x. Q.E.D.

Lemma 5. Given R € S,. For all (p,q) € [0, 11V x {0, 1}V, BR(p, q) satisfies envy-
freeness with respect to R and efficiency with respect to R.

Proof. A similar argument to the proof of Lemma 3 yields the conclusion. Q.E.D.

Lemma 6. Given R € S;. Suppose that x is an allocation that satisfies envy-freeness
with respect to R and efficiency with respect to R. Then there exists a parameter
(0, @) € [0, 11V x {0, 1}" such that B%(p, q) = x.

Proof. A similar argument to the proof of Lemma 4 yields the conclusion. Q.E.D.
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