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Macroeconomics
2019

There are two problems. Answer all problems in English or Japanese.

Problem 1

Consider the following problem
T
max Bt log ¢,
{(ct,kes1) o ;

subject to
¢+ ki — (1 —0)ky = Ak fort=0,---,T,

ko > 0 is given,

and
kri1 > 0.

We assume that A > 0,0 < a<1,0<d < 1,and 0 < § < 1. Notice that this household
knows that the world will end at time 7" > 0. Also notice that choosing

kt—l—l _<1_5)kt <0 fOI‘tZO,"' ,T
is allowed.

(1) Derive the Euler equation

1 1
_:5—(1—5+Aakfﬁ:11) fort=0,---,T—1
Gt Ct+1

as optimality conditions.
(2) Show that k; 1 = k¢ holds for t € {0,--- , T — 1} if and only if ¢; and k; satisfy
cr = lUp(ky) = Ak — Ok
(3) Show that ¢;41 = ¢; holds for t € {0,--- , 7" — 1} if and only if ¢; and k; satisfy
cr =l(k) = Ak + (1 — 0)ky — k%,

where X

.5 A« I-a
"= (61—1+5) |

1



(4) Draw (y(k:) and €.(k;) in (k, c;)-space, measuring k; on the horizontal axis and ¢; on
the vertical axis. If you did things correctly, the (k;, ¢;)-space should be partitioned
into four different regions. In each of the four regions, draw arrows in the directions in
which ¢; and k; will evolve.

(5) Suppose that T = 1. Derive the optimal {(c},k; +1)};0 that solves the household
problem.

(6) Plot in the the phase diagram (ko, i) and (k}, ¢) where {cf, ¢} and k} are those you
derived in the previous problem.

(7) Now consider the otherwise same problem, including the amount of initial capital ky,

except for T', which is now set at T = 2. Derive the optimal {(Cj, ky +1) }3:0 that solves
the household problem.

(8) Plot in the the phase diagram (ko, ¢)), (kf, c}), and (k3, ¢5) where {c}, ¢i, ¢35} and {k}, k3 }
are those you derived in the previous problem. Explain how the trajectory changes
from the case with 7" = 1, i.e., question (6).



Problem 2

Let the set of natural numbers including zero be N = {0, 1,2, ...} and the set of integers be
Z={.,-2,-1,0,1,2, ..}

Time is discrete and each period is labeled by ¢ € N. Consider an endowment economy with
one non-storable good in each period. Suppose that there are three infinitely lived consumers
(i =1,2,3). Let ¢! be consumer #'s consumption at period ¢. Assume that all the consumers
have the same utility function

e l1—0o
Uy = Y 87—

t=0

where § € (0,1) and o > 0. In each period ¢, consumer i receives the endowment in the
following way:

1 ift =35+ for some j € Z,
W = 1 ift=3j+1i+ 1 for some j € Z,
4 ift =35+ 1+ 2 for some j € Z.

(1) Define the Arrow-Debreu equilibrium in this economy.
(2) Derive the first order conditions of consumer i’s problem in (1).
(3) Characterize the Arrow-Debreu equilibrium in (1).

(4) Let oy be the Pareto weight for consumer i. Write down the social planner’s problem in
this economy.

(5) Solve the social planner’s problem in (4).
(6) Find the Pareto weight such that the allocations obtained in (3) and (5) are identical.
(7) Define the sequential market equilibrium in this economy.

(8) Show that the allocations in (1) and (7) are equivalent.



Microeconomics
August 2019

There are three problems. Answer all problems either in Japanese
or in English. Your style of academic writing will be evaluated as
well as mathematics.

Problem 1

Consider an economy with two consumers (A, B), two firms (LII), and three
commodities (1,2,3). Consumer A has an initial endowment e = (1,0,0)
and a utility function

U (21, 29, 23) = logzy + 2log x5 + 2log 3,

where log is a natural logarithm. Consumer B has an initial endowment
e = (1,0,0) and a utility function

UB (21, 29, 23) = 2logz; + 2log zy + log 3.
Firms I, IT are represented by the following production sets, respectively:
Y= {(~t,2t,t) € R®|t >0},

YU = {(~t,t,3t) € R*|t > 0}.

We consider a competitive equilibrium of this economy. The price of com-
modity 1 is normalized to be one. A price vector is denoted by p = (1, p2, p3).

(1) Assuming that firms earn zero profit, derive consumers’ demand func-
tions.

(2) Since production sets are represented by cones, firms indeed earn zero
profit in equilibrium. Derive an equilibrium price candidate.

(3) Derive a competitive equilibrium allocation.



Problem 2

Imagine an agent with wealth w, who faces a probability = € (0, 1) of incur-
ring a loss L. That is, her wealth becomes w — L with probability 7 and w
with probability 1 — 7. The agent can insure against this loss by contracting
an insurance policy that will pay out in the event of loss. One unit of insur-
ance costs ¢ and gives a payment of 1 if the loss occurs. Thus, if the agent
buys z units of insurance, her wealth becomes w— gz — L+ z with probability
7w, and w — gz with probability 1 — 7. Assume that this agent’s preferences
are represented by an expected utility function with a differentiable, strictly
increasing, and strictly concave VNM function uw. Assume that the agent
chooses z by maximizing her expected utility

U(z) =mu(w—qz— L+ 2)+ (1 —mu(w — qz).

(1) Suppose that the insurance market is competitive, which implies that
an insurance company earns zero profit. Show that ¢ = 7 under this
assumption.

(2) Assume that the insurance market is competitive. Show that the agent
is fully insured against the loss; that is, z = L.

(3) Assume that the insurance market is not competitive and an insurance
company charges a unit cost of insurance ¢ > 7. Show that the agent is
not fully insured against the loss; that is, z < L.

(4) Assume ¢ > m. Moreover, assume that the agent’s Arrow-Pratt measure

rd(z) = —Zl,/((f)) is strictly decreasing in x. Show that % < 0. (Hint:
Substitute the first-order condition into %.)

(5) Under the same assumption as in (4), show that the agent’s optimal
choice z will decrease with wealth w.



Problem 3

There are two identical firms, ¢ = 1,2, that produce a homogeneous com-
modity with the same constant marginal costs ¢ € (g,3). For the demand
side, we assume an inverse demand function P(X) = 1 — X, where X is
total demand and P(X) is a market clearing price at X. Firm i is owned
by owner 7. The owner ¢ hires a manager ¢ of the firm and chooses an in-
centive plan for manager i. Consider the following two-stage duopoly game.
At stage 1, owners ¢ = 1,2 simultaneously choose an incentive plan («, f;),
where «; € [0,1] is a weight between profit and revenue and f; € R is a
monetary transfer from owner ¢ to manager ¢ (which could be negative). At
stage 2, if manager i accepts the incentive plan (o, f;), managers i = 1,2
play a Cournot (quantity) competition; that is, they simultaneously choose
an output level x;. Given (ay, f;), manager i’s payoff function is given by

Ii(%’,xiz’, Qg, fz) = o;m; + (1 - Oéi)P<5Uz' + xfi)xi + fi,

where m; = (P(x; + x_;) — ¢)x; is the profit of firm 4. If a; = 1, the manager
maximizes profit m;, while if o; = 0, the manager maximizes revenue P(x; +
x_;)z;. Note that manager i’s payoff function is rewritten as

Ii(zi, vy, a4, fi) = P(x; + 2-) 2 — auex; + fi

Moreover, we assume that the managers’ reservation utility is zero; that is ,
if I;(x;, x_;, ay, fi) > 0, the manager will accept this incentive plan.

(1) Given (o, f;), i = 1,2, derive a Nash equilibrium at the second stage.

(2) Owner i’s payoff function is given by the profit minus payment to the
manager; that is, m; — I;. At an optimum of owner’s choice, show that I;
can be set to zero by choosing f; appropriately.

(3) Given the Nash equilibrium at the second stage, derive owner i’s reduced
form of payoff function, which depends on «; and «_;.

(4) Derive a Nash equilibrium at the first stage.



Statistics - Econometrics

Answer both Problems 1 and 2 either in Japanese or in English.

Problem 1. Answer EITHER problem 1-1 or problem 1-2.

1-1. (Probability and Statistics) Answer EITHER problem (a) or problem (b).

(a)

Let X be a random variable according to an unknown distribution F,0 € ©
where © is a parameter space. Answer questions i and ii.

i. Prove that 6(X) is uniformly minimum variance unbiased (UMVU) for
estimating ¢g(f) = Ep[d(X)] if and only if VO, Cov[d(X),U(X)] = 0 for
all U(X): unbiased estimator of zero, i.e. U(X) is a statistic satisfying
EylU(X)] =0,V0 € ©.

ii. Suppose that 6;(X) and d5(X) are UMVU estimators of g;(0) = Ep[d1(X)]
and go(0) = FEy[d2(X)], respectively. Prove that 61(X) + d2(X) is the
UMVU estimator of g,(6) + g2(0).

For each n, X,,;,% = 1,2,--- ,n are i...d. random variables according to a
discrete distribution with a probability function given by

k
P{X,,=k}= (1—§) (é) , k=0,1,2,---,

n n

where 8 > 0 is a constant. Let S, = Z?:l Xni. Prove that as n — oo, 5,
converges weakly to the non-degenerate limit and identify the limiting distri-
bution.

1-2. (Econometrics) Answer EITHER problem (a) or problem (b).

(a)

Consider the following regression model:
y=Xp+e,

where y is an n by 1 dependent variable, X is an n by k regressor, ¢ is an n
by 1 disturbance, and g is a k by 1 unknown parameter. We would like to
estimate § under restrictions given by Hy : RF = r, where R is ¢ by k with
rank(R) = q, r is ¢ by 1, and R and r are known. We thus consider the
following Lagrangian:

1
L=y~ XB)(y— XB) +2(RG — )\ 1)
We also assume that the following relations hold:
1 1
—X'X =8 —X'e—=4N(0,V
n p \/ﬁ € d ( ’ )7

where ¥ and V are positive definite. Answer questions i-iv.



ii.

1i1.

v.

. Derive the first order conditions for the estimation using (1).

Let 8 and A be the solutions of the first order conditions derived in question
i. Prove that they are expressed as

A~

_ 1 -1
g = B- <—X'X> R,
n

1 -1 77
R (—X’X) R
n

(RB 1),

where 5’ is the OLS estimator of § without restrictions.

Derive the limiting distribution of v/ under Hy.

Suppose that V is the consistent estimator of V. The validity of restrictions
Hy can be investigated by testing whether A = 0 or not. Explain how to
test A = 0 by using .

(b) Consider the following simple dynamic panel data model with unobserved in-
dividual effects:

Vit = QVir—1 + 10 + Uy, fori=1--- Nandt=1,---,T,

where |a] < 1 and y;0 = 7;/(1 — «). Let the individual effects 7; follow
i.i.d.(0,07) and the idiosyncratic errors u;, follow i.i.d.(0,072), where {n;} and
{u;.} are independent. The goal is to consistently estimate o under N and
T — oco. Answer questions i-v.

1.

ii.

1il.

v.

Show that the pooled OLS estimator aoprs, i.e. regressing y;; on y; 1, is
inconsistent.

Show that the within-group fixed effect estimator &y g, i.e. regressing
(yix — Ui) on (y;1—1 — ;) where y; = T‘lthzly@t, is inconsistent.

Show that the OLS in first-differences fixed effect estimator app, i.e. re-
gressing (y;+ — Yir—1) on (Y;t—1 — Yir—2), is inconsistent.

Propose an instrumental variable (IV) estimator to consistently estimate
a. For simplicity, you may use only one instrumental variable.

Derive the asymptotic distribution of the IV estimator proposed in ques-
tion iv.



Problem 2. Answer EITHER problem 2-1 or problem 2-2.
2-1. (Probability and Statistics) Answer BOTH problem (a) and problem (b).

(a) Let X;,i = 1,--+,m be i.i.d.N(u,0?) and Y;,j = 1,--- ,n be i.i.d.N(u,7?),

where {X;} and {Y;} are independent. Answer questions i-v.
i. Find a set of jointly minimal sufficient statistics for (u, 0%, 72).

ii. Is the statistics in question i. complete sufficient?

In questions iii-v, assume o? = k7%, where k& > 0 is a known constant.

iii. Find a set of jointly complete sufficient statistics for (u, o?).

iv. Find the uniformly minimum variance unbiased (UMVU) estimator of p.
v. Find the UMVU estimator of o2.

(b) Let X and Y be i.i.d. geometric random variables with probability P{X =
k}y = P{Y =k} =pg*,k=0,1,--- ,p+q=1,0 < p < 1. Answer questions
i-iii.

i. Find the probability distribution of U = min{X,Y'}.
ii. Find the probability distribution of V =X — Y.
iii. Prove that U and V are independent.

2-2. (Econometrics) Answer BOTH problem (a) and problem (b).

(a) Consider the following regression model with structural change in variance:
ytzﬁgﬁ‘i‘&» for t:17"'7T7

where z; is a k by 1 regressor, [ is a k by 1 parameter, and {¢;} is a sequence of
independent normal random variables with E(g;) = 0 for all ¢, E(e?) = o7 for
t=1,---,[T/2], and E(e?) = 03 for t = [T/2]+1,--- ,T with [a] denoting the
integer part of a. The regressor {z;} is 1ndependent of {&;} and the following
weak law of large numbers and the central limit theorem hold:

[7/2]

T
Z t17t —p 2 \/—Z Ty, \/1— Z T ¢ —a {21, 22},

t=[T/2]+1

where Y is positive definite, z; ~ N (O, 22 E), Zg ~ N (O, %E), and z; is
independent of z;. Answer questions i-v.
i. Derive the limiting distribution of the OLS estimator of 3, BLS.
ii. Suppose that of and o3 are known. Write down the GLS estimator of 3,
BaLs- A
iii. Derive the limiting distribution of fgs.
iv. Show that the asymptotic variance of the GLS estimator is smaller than

that of the OLS estimator and that they are the same only in the case

where 0? = o3.



v. In practice, we do not know the true values of o7 and 3. Explain how to
construct the feasible GLS estimator.

(b) The data is generated by the following linear model:
Yi = 2101 + w202 +uy, fori=1,---,n,

where y; is a dependent variable, z;,; and x5, are scalars of nonrandom regres-
sors with unknown coefficients 8; and 3. The error term u; follows 7.i.d.(0, o%).
The goal is to estimate 3; while you may or may not control z,; in your re-
gression. Let Bl be an OLS estimator in a regression of y; on z;; and z,; and
let 31 be an OLS estimator in a regression of y; on x1,; only. Answer questions
i-iii.

i. Derive the bias, the variance, and the mean squared error (MSE) of B

ii. Derive the bias, the variance, and the MSE of 3.

iii. Show, step-by-step, that the MSE of 51 is smaller than the MSE of Bl if
and only if

0_2

322(2?:13731) ’
2 (Z?:1I1,¢$2,¢)2

rt, = )
b (ZLJI?Z)(ZLJ&)

2

where
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Political Economy

ROF VEPOHAED I H, 2L ERL THRE LR S0,
(fREDOBHHIC, R LIZMEOEF WL T L, )

Answer only two of the following four problems.

(Write the number of the problem at the beginning of each answer.)

51
~ /L7 A (Karl Marx) OFdham « BRI 5 LLT ORWIZE X 72
S,
(1) P& TifE (value) | IZDOWTHEEH L7222 S vy,
(2) T1HAAOMES AL, X BALOSITMET D) &9 Rk OflifE
RO L RIZHONWT, @B LA S0,
Problem 1:
Answer the following two questions about Karl Marx’s theory of commodities
and money.
1. Describe the “value” of commodities.
2. Explain the mechanism of the following expression of commodity value:
“one unit of commodity A is worth X units of gold.”

55 2
Ml D 2 PEAT AR ~ Dz ] IOV Tam Ll S vy,

Problem 2:
Discuss the “transformation of values into prices of production.”
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EARFE T [RERET] I2BWWT R 7 OBREER T am O BR A

Zim L CWD, TONEZ, LLTFOHEEZ AW TRIRICH L7e S,
GO« Tz o TR A o TERERE AT |
FEibEREd

Problem 3:
In his book entitled Environmental Economics, Ken’ichi Miyamoto discussed
“the limitations of environmental economics in modern economics.” Explain the

29 ¢ 99 ¢

contents briefly using the following terms: “market failure”, “social cost”, “public

9% ¢

intervention”, “cost-benefit analysis”, and “‘economic tools.”

%4

HERRICBIT S THER] OBEFITHOWT, MOZMSEE Vb AR
Bp e OO ETH U S0,

Problem 4:
Discuss how the comparative approach in the social science is different from
that of other research fields such as the natural sciences.
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Economic History

WDOTXTOMBEIZHARTED L ITFEFETHE L7 S,

Answer all questions either in Japanese or English.

1 &
&%Eﬁw T HHEEROEENCOWT, FREME IR st omilris] GEEE LHE R, 2015
) IZb &, uT@zm;%ﬁbﬁﬂgxﬁﬁbﬁém
(1) FERAFFED Y 7V R ADRRE, 72 & 2 13%[E D Gregorian realism & Maltusian realism
70 &
(2) g ~DEE

Question 1
Explain the role of theory or theoretical thinking in the research of economic history from the following

viewpoints as defined in Hikakushi-no-Enkin-ho: Shinpan (Shoseki-kobo Hayama 2015) by Osamu Saito.

(1) from the history of realism in social science such as Gregorian realism and Malthusian realism in
Great Britain
(2) from the perspective of comparative history

55 2

C.A. =AU (CEHHEEIZNR) MEREROFAE—7 o — L7 &g 1780-1914—] (4

HERFHRE, 2018 4F) TERINATWD 7 v— Uk FEro TEEEFER] Rim
DOBATHIIE LIS RFEREEIC O T, BIRAZH 6] 2 O TRl L7z Sy,

Question 2

Through the use of a concrete case, explain the socio-economic influences of the transformation from the
phase of “Archaic Globalization” to that of “Internationalism” as defined in The Birth of the Modern World,
1780-1914: Global Connections and Comparisons (Blackwell 2004) by Christopher A. Bayly.
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