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Macroeconomics

There are four problems.

Answer all of them either in English or in Japanese.



Problem 1

Consider a variant of the expanding variety model of growth. Time is continuous. The
economy is closed and there is no government. There is no physical capital.
Homogeneous final goods are produced from a continuum of varieties of differentiated
intermediate goods (inputs) and labor. The number of varieties of inputs at time t is
denoted as N;. The market for final goods and the labor market are perfectly competitive.
The production function for the representative final goods producer is
7o | l-a v N e g &

Y, = X,%- L™, where XtEUo X o dl:| , &>1, 1>;~a>0.
In the above, L is labor whose total supply is fixed, and Xi; is the amount of input of
type I at time t. The markets for inputs are monopolistically competitive: there are N;
input producing firms, and each has the monopoly right to produce a single variety of
inputs. They can produce 1 unit of input from t units of final goods (¥ > 0). We shall
take final goods as numeraire (i.e., its price is equal to 1). Price of input of type I at time
t will be denoted p;.
New firms can enter into the input market by paying an upfront cost of invention: by
investing 1 unit of final goods into the R&D activity, 7 varieties of inputs are invented.
Once a firm invents a new variety, it obtains a perpetual monopoly right to produce this
type of inputs. We shall denote the present value of those monopoly profits by V.
Assuming the CRRA (Constant Relative Risk Aversion, or CIES) utility, the

representative household’s Euler equation for consumption of the final goods, Cy, is:

Ci/C, =(1/6)(r.—p). 00, p>0.
(1.1) Explain mathematically that the aggregate productivity is increasing in N;.

(1.2) Derive the final goods producer’s demand for X;; as a function of piy, )Zt ,and L.

(1.3) We can show that all input producers charge the same price which is constant
over time: pjt= p for all i and t. Using this and the result from (1.2), show that
profit per input producer, which will be denoted 7, is decreasing in Ni.

(1.4) We shall limit our attention to the steady state in which the interest rate, Iy, is

constant over time: r, =r for all t. We can show that r'V,—Vi=7x, (you do

not have to prove this). Give an economic interpretation to this relationship.
(1.5) Explain why 7V, <1has to hold.

(1.6) Does this economy exhibit endogenous growth?



Problem 2

Consider an overlapping generations model. Time is discrete. The economy is closed
and there is no government. Each household lives for two periods. Denoting the number
of households of generation t (those who are born in period t) as L; we have
Lix1=(1+n)L; (n>0) for all t. Each household of generation t supplies 1 unit of labor
inelastically in period t and earns wage W, consumes C; ¢ and the rest of its wage income
becomes its saving, St. This saving can be held either in the form of bonds (the interest
rate is denoted ry;) or capital. In period t+1, it is unable to work, and thus its

consumption, Cat+1, is equal to the saving plus returns on it. The household utility is:
U, =In(c,,)+ BlIn(c,,,), 1>£>0.

On the production side, there is a continuum of identical firms whose total number is

normalized to equal 1. The production function for firm i is:
Y, =A-K KL,/ ™, where >0, 1>a>0, 1>y+a.

In the above, Yit, Kitand Li; are output, capital stock and labor for this firm. On the

other hand, K is the aggregate capital stock at the beginning of period t, and it

represents spillover effects from the economy’s stock of knowledge (that comes from

the economy’s past investment experiences); each firm takes this variable as given.

Assume that capital stock depreciates by 100% each period. Consider the competitive

equilibrium of this economy.

(2.1) Explain why Ky;; =S¢ L; holds.

(2.2) Derive the expressions for the “Private Marginal Product of Capital” (PMPK)
and the “Social Marginal Product of Capital” (SMPK).

(2.3) Derive the law of motion k,,, =G(k,) (k=Ky/Ly).

(2.4) Derive the steady state ki.

(2.5) Is the steady state resource allocation efficient? Explain why or why not.



Problem 3

Consider a static consumption allocation problem of a household at a particular
period ¢. This household consumes two kinds of goods, ¢;(1) and ¢;(2), to raise the following
Cobb-Douglas type static utility C;, which is given as a bundle of the two consumption
goods:

Cr=c(1)7¢,(2)'7, 0<vy<1.

Suppose that the first consumption good is the numeraire. The relative price of the second
good to the first, then, is denoted by p;.

(3.1) Write down the static cost minimization problem of the household. Derive (i) the
demand functions for the first and second goods given p; and Cj, and (ii) the unit cost of
consumption bundle C;, which is denoted by P;. In particular, verify that unit cost P, is
proportional to p; 7: P, = Ap; 7, where A is a constant.

Now suppose that the household lives in two periods. In each period, the house-
hold raises one-period utility by consuming bundle C;. The lifetime utility function of the
household is ) )

-1 -1

_C]. _1+ 026_1

0<o, 0<p<1,

where [ is the subjective discount factor and o is the elasticity of the intertemporal substi-
tution.

In each period, the household receives endowment only of the first good, y;. There
is no endowment of the second good. However, given the relative price p; the household
can buy the second good as much as it wants from the corresponding good market. The
household also can buy or sell the first good as much as it wants in the corresponding good
market. There is a financial market in which the household can buy or one-period bonds in
term of the first good, B, for consumption smoothing across the two periods. The bond has
the constant gross rate of return R. Finally assume that the household has no initial bond
holding at the beginning of the first period.

(3.2) Write down the period-by-period budget constraints of the household.

(3.3) Derive the Euler equation as a first order condition for the household’s lifetime utility
maximization problem. Provide the economic intuition behind the Euler equation.

(3.4) Derive the first period’s optimal consumption expenditure of the household, P,C}.

(3.5) Characterize an effect of a change in the first period’s relative price p; on the first
period’s optimal consumption expenditure. Explain how and why the effect depends on the
size of the elasticity of intertemporal substitution o.

c, 71
b
to the natural log function In Cj. Is there any effect of a change in the first period’s relative
price p; on the first period’s optimal consumption expenditure in this limiting case? Discuss

why or why not?

al=

(3.6) Verify that when o approaches one, the one-period utility function converges



Problem 4

Consider a household who lives in infinite periods. The household can buy and sell
stock s; under price v;. In each period, the stock gives the household stochastic dividend
m; per stock. Moreover, the household buys or sells state-non-contingent bond b; with gross
interest rate R;. The household maximizes the following expected lifetime utility:

B> Bules), 0<pf<1l, u'>0, v <0
=0

subject to the budget constraint
ct +vese + by = (Vg + ) sp—1 + Re—1be—y.
Assume that the No Ponzi Game condition is satisfied.
(4.1) Construct the Bellman equation for the above problem. Derive the first order condi-
tions, the Benveniste and Scheinkman conditions, and the transversality conditions.

(4.2) Drive the Euler equations with respect to the two assets. Provide the stochastic
discount factor.

(4.3) Let R; denote the gross rate of return of the stock, Rf = (v; + m;)/v;_1. Prove that
the expected equity premium E,R; /R, depends negatively on the covariance between the
stochastic discount factor and the gross rate of return of the stock. Discuss the economic
intuition behind this theoretical result.
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1CTrOoeCconomnlics
September 12, 2014

There are three problems. Answer all problems either in Japanese
or in English.

Problem 1
A Characterization of Pareto Efficiency] Consider an exchange economy
E = (X" u'(),w)ier, where Z = {1,... I} is the set of consumers; there are

L commodities; X’ = R is s consumption set; u’ : X* — R is ¢’s utility
function; and w' € X" is i’s initial endowment. Assume that each u'(-) is
continuous, strongly increasing, and concave. Let

V= {(vl,... 1) ER!

there exists a feasible allocation x = (z!,...  z7)
such that v; < u'(2%) for all i € T

be the set of attainable utility levels. Answer the following questions.
(1) Show that V is a convex set in RZ.

(2) Show that if z = (2',... ,27) is a Pareto efficient allocation, then,
(u(zh), ..., uf(2)) is “not” in the interior of V.

(3) Provide the precise statement of the separating hyperplane theorem.

(4) Show that if x = (z!,...,z!) is a Pareto efficient allocation, then
there exists a = (ay,...,ar) € R'\{0} such that Y, ;ou'(z’) =
max,ey Q- v.

(5) Let v = (vy,...,vr) € V. Show that for any © € R, if o < v (i.e.,
0; < w; for each i € Z), then v € V.

(6) Let = be a Pareto efficient allocation and suppose .y ou'(z’) =
max,cy ) 7 O0; for some weights (;)ier € R\{0}. Show that one
can choose these weights (o, ... ,ay) such that a; > 0 for each i € 7
and ) ..;a; = 1 (Hint: Use the property claimed in the previous
question).



Figure 1: 3-person extensive game for Problem 2

Problem 2

Answer all the questions below in a clear, logical and readable manner.
Your way of academic writing is evaluated as well as mathematics.

(1)

What is a difference between a Nash equilibrium and a subgame perfect
equilibrium for a game in extensive form? In your view, which of the
two equilibrium concepts is reasonable for a non-cooperative solution
of a game in extensive form? Why? Provide your answers by giving a
numerical example.

Consider an n-person game in strategic form where every player has a
finite set of pure strategies. Explain a procedure to prove the existence
of a Nash equilibrium in mixed strategies. If you use mathematical
theorems, state them precisely. You need not to provide a complete
proof.

Consider a 3-person game in extensive form above. Each player 1,
1 =1,2,3, has only one information set indexed by 7 where he has two
actions R and L. The numbers of each payoff vector indicate payoffs
of players 1, 2 and 3 from top to bottom.

Find all Nash equilibria in pure strategies. Your answer should explain
why your specified strategy profiles are Nash equilibria, and also why
other strategy profiles are not.



(ii) Compute all sequential equilibria in pure strategies. Your answer should
explain why your specified strategy profiles are sequential equilibria,
and also why other strategy profiles are not. The notion of a consistent
belief in the sense of Kreps and Wilson should be used.

Problem 3

There are two agents and three alternatives. Let N = {1,2} be the set of
agents and X = {x, 29,23} the set of alternatives. Each agent i € N is
endowed with a complete and transitive preference relation =—;. Let R be the
set of all complete and transitive preference relations on X, and B the set of
all binary relations on X.

1. Consider the following rule to construct social preferences on alternatives.
Agent 1’s weak preferences 77, are always accepted as social weak preferences.
That is, for all z;,z; € X. if x; 21 x;, then z; is ranked socially at least
as good as z;. However, the alternative x; is a special one, and agent 2 can
“veto” socially ranking x; strictly below another alternative x; if he strictly
prefers x to x;. That is, for all x; € X, if 1 > z;, then z; is ranked socially
at least as good as z;.

Let us now formally define the above rule as the social preference function
F:RN — B. For all Zy= (Z1,72) € RY and all o, 2; € X, z; F(zn) z; if

~lr ~u2

and only if (i) z; 221 x; or (ii) z; = 1 and z; >5 z;. (Recall that z; F(Zn) x;

means that z; is socially at least as good as z; at 7Zy.) Let Fp(5n) denote
the strict part of F(2Zn).

Answer whether each of the following statements (1)-(6) is true or false.
If your answer is “true,” then prove the statement. If your answer is “false,”
then provide a counter-example.

1) F is dictatorial.
2 satisfies Weak Pareto.
3

(

(2) F

(3) F

(4) For all =ye RY, F(zy) is complete.
(5)

(6)

satisfies Pairwise Independence.

5) For all mye RY, F(-x) is quasi-transitive (that is, Fp(7y) is transitive).

6) For all mye RY, F(zy) is acyclic (that is, Fp(Zy) contains no cycle).

2. Based on the social preference function F' defined above, define the social
choice function f : RY — X as follows. For all =my€ RY, first let G(n

3



) ={x € X |Va; € X,x; F(Zn) x;}, and then let f(2Zy) be the alternative
x; € G(zn) such that for all z; € G(Zn), ¢ < j. That is, the social choice
function f chooses the alternative with the smallest index in the set of the
greatest elements of F'(7Zy) in X.

Answer whether each of the following statements (7)-(10) is true or false.
If your answer is “true,” then prove the statement. If your answer is “false,”
then provide a counter-example.

(7) f is dictatorial.

(8) f is weakly Paretian.

(9) f is strategy-proof (or truthfully implementable in dominant strategies).
(

10) f is monotonic.
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Statistics - Econometrics
Answer both problems 1 and 2 either in Japanese or English.

Problem 1. Answer EITHER problem 1-1 or problem 1-2.
1-1. (Probability and Statistics) Answer EITHER problem (a) or problem (b).

(a) Let Xy,---,X, be independent and normally distributed random variables
with E[X ] = & and Var[X;] = o2 Here the (n + 2) parameters & €
{=1,41}, >0, and 0% > 0 are all unknown. Answer questions i and ii.

i. Find maximum likelihood estimators éi, f1, and 62.

ii. Show that fi and 62 are not consistent estimators of 4 and o2 as n — oo.

(b) Let Xy, Xy, -+ be a sequence of i.i.d. random variables with

Let So = 0and S, = >, X;,n > 1. Prove that P{S,, = O infinitely often } =
1 if and only if p = 1/2. (You may use Stirling’s formula n! ~ /2rn"1/2¢="
as n — 00).

1-2. (Econometrics) Answer EITHER problem (a) or problem (b).
(a) Consider the following dynamic model:

Yo = Po+ brxe + pyr—1 + &0 — 021
for t = 1,2,---,T, where |p| < 1, [0] < 1, p # 6 and {&,} ~ i.i.d.(0,0?).
Answer questions i — v.

i. Derive the short-run impact from x to .
ii. Derive the long-run impact from x to y.
iii. Let fy = 0. Derive E[yq].
iv. Suppose that the lag polynomial (1 — pL)~'(1 — 6L) is expressed as

(1—pL)"'(1 - 6L) ij,

where L is the lag operator. Express 1; for j = 0,1,--- using p and 6.
v. Let f; = 0. Derive the variance and the first order autocovariance of y;.



(b) Consider the following linear panel data model with a constant regressor
Yie =P +ey, fori=1,2,... . Nandt=1,...,T,
where the errors have an individual component so that

€t = 1; + Uz

2
u

We assume that 7; ~ i.4.d.(0,07) and uy ~ i.i.d.(0,0;) and they are mutually

independent. Answer questions i — iv.
i. Derive the asymptotic variance of the pooled OLS estimator BO s under
N — oo and T fixed.

ii. Explain how to construct the consistent variance estimator for BO Ls step-
by-step.

Consider now the following estimator of [ that takes an average of cross-
sectional OLS estimators over the sample period.

=T 5T G

where

B =N v

iii. Derive the asymptotic variance of B under N — oo and T fixed. Does it
coincide with the asymptotic variance of the pooled OLS estimator?

iv. Explain if the variance estimator proposed in the literature

~ ~

2 1 (B = B)?
ST Lim g
can consistently estimate the asymptotic variance of B as N — oo and
T fixed. If not, write down additional assumptions that guarantee its

consistency.
Problem 2. Answer EITHER problem 2-1 or problem 2-2.
2-1. (Probability and Statistics) Answer BOTH problem (a) and problem (b).

(a) Let Xy, -+, X,,,m > 4beiid. N(ui,0?)random variables and Yy, - ,Y,,n >
2 be ii.d. N(ug,03) random variables independent of X;’s. All parameters
i, 02,4 =1,2 are unknown. Answer questions i and ii.
i. Find the uniformly minimum variance unbiased (UMVU) estimator of 0% —
2
0-2-

ii. Find the UMVU estimator of o3 /0%.



(b) In the following questions, {X,} is a sequence of random variables on some
probability space (€2, F, P) such that X, (w) = X(w),Vw € €. Suppose X,,’s
and X are P-integrable. Answer questions i — iii.

i. Suppose X,, > 0 and there exists a P-integrable random variable Y such
that X, (w) < Y(w),Vw and Vn. Prove that

limsup F[X,] < E[X]

n—oo

from the Monotone Convergence Theorem.
ii. Suppose X,, > 0. Prove that E[|X,,—X]|] — 0if and only if F[X,,] — E[X].

iii. Assume that X,, are not necessarily non-negative. Prove that E[|X, —
X[] = 0if E[|X,[] = E[|X]].

2-2. (Econometrics) Answer BOTH problem (a) and problem (b).

(a) Consider the following model:

T, = Yzte (2)
u; = (561' + Vi, (3)
for i =1,2,---  n, where z; = [1, zf]" with z being a one dimensional random

variable, v = [y,72]" with 74 = 0 and v # 0, and [z}, e;,v;]" is an i.i.d.
random vector with mean [0,0,0]" and variance diag{o?,0?, 02}, having the

zr-er-w

finite fourth moment. The variables y;, x; and z; are observable while w;,
e; and v; are unobservable. Suppose that we are interested in the statistical
inference about 3. Answer questions i — iv.

i. Explain what the following hypothesis implies:
H()I(S:O VS. H157é0 (4)

ii. Let 4 be the OLS estimator of 7 in (2). Derive the limiting distribution of
vy = 7).

iii. Let é; be the OLS residuals in (2). Derive the probability limits of

n n n
1 . 1 . 1 9
— E €, — E r6;,, and — E é;.
=1 =1 =1
iv. Consider the regression of y; on a constant, x; and é;, that is,

y; = ¢ + Px; + dé; + regression error.

We would like to test (4) using the above regression. Derive the limiting
distribution of \/n(d — §) under the null hypothesis.



(b) Consider the linear model with one unobservable regressor x}
Yyi = Bai + (5)

for i =1,2,--- ,n. We are interested in consistently estimating the coefficient
B. Suppose that observable random variable z; is known to be related to z}
by the equation

T = x] + e, (6)
and z] are determined by

a:;k = P)/Zia (7)

where z; is a vector of k non-random exogenous variables and v is a vector of
unknown parameters. In (5) and (6), u; ~ i.i.d.(0,02), e; ~ 4.i.d.(0,02), and
E(u;e;) = p. We also assume

plim n_lzyzlzizg =Q,

exists and is positive definite. Answer questions i — iii.
i. Discuss if the OLS estimator of 3 from the regression of y; on z; is consis-
tent. If not, derive its asymptotic bias.
ii. Explain how your result in (i) changes or does not change, if p = 0.

iii. Show that an estimator of 5 obtained from the regression of y; on z; where
Z; is a fitted value in the regression of x; on z; is consistent.
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BB 5
WO HG)D 5 6, 2RIZBIN L TS L7 S,
(O, SR L-MEOEFZZ2HATTHZ &, )
(1)
S E R DO BRI OV Tam U &,

[(2)

<7 A (K.Marx) OFAEERRICBITS EATER L EATEROND
HEV] BXO TEAREER & FFREONBHREV] IOV T U S0y,

1(3)
B T H O BLHE R S 2 12 ET R EIC OV TR U S0,

[41(4)
B C 351 2 WM & AR O BEIC DWW T U S0,

[(5)

BFEFOSE TIE, HEMICEE L R20ESRRBETIRINEZ, [T
B (market failure) ,  TEJFOKE]  (government failure) , =5
IZITAETIX THIE QB (institutional failure) & L CitBHE N 5 Z &
MEZN,
LT OBRMICE 22 S0,
(1) THBHORK LT E>0H 2 &b, BARER 2205 T, @R
IR LZe &0,

(2) TBUNORK S1XE505 2 &b, BARKER 2205 T, @R
IZFB L 72 S0,

(3) THIEDOERM] L1TEH2WH Z e, BARBER 2207, iR
IZFB L 72 S0,

[41(6)
HEBFICB TS TR OBRICOWVWTiH L S0,
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