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Abstract

We propose a method of evaluating the accuracy of the implied default
probabilities. We modify the model proposed by Duffie and Singleton [1999)
to allow the parametric statistical analysis. The pseudo maximum likelihood
estimator is defined and to justify our method we shall prove the consistency
and the asymptotic normality of the estimator. The key step is to define
a pseudo score vector and apply the method of Wald [1949] and a delta
method. We also introduce the bootstrap for estimating the accuracies,
which is similar to that for regression models. To implement our method
to the real data, we shall recommend the bootstrap rather than asymptotic

normality.
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Section 1 Introduction.

We are interested in estimating default probabilities of individual private
industry and the average/representative default probability of rating classes
such as AA, BB, etc.. The problem has been an important issues in credit
risk problem in the last few decades. And a naive method is to use the
historical data, such as the binary data telling you if a certain company is
dead or not at a given day, some finance document, account data of each
company, etc., on the one hand. One of the problems of in a historical
method is, of course, we don’t have enough data. It may be extremely
difficult to have a default data for the AAA companies (we should have
said "might have been” rather than "may be” in the recent economic situ-
ation though !). On the other hand, we all know that the corporate bond
issued by stable companies are traded at higher prices. This comes from
the fact that traders in the market certainly take their ”subjective” default
probabilities of the companies into account when they price the corporate
bonds. Thus, by considering backward, we may use the prices of the corpo-
rate bonds as ”"data” to estimate the default probabilities, see for example,
Duffie and Singleton [1999], Hull [2006] Ch. 29. Indeed, as we shall discuss
briefly below, the spreads of the interest rates may be determined largely by
the credit rating as well as the default probability of the companies being
considered. Although what we shall estimate is the probabilities under the
equivalent Martingale Measure (MG measure for short), they are utilized
in many places, such as pricing derivatives written on the bonds (cf. Hull
[2006]).

Now, in the begging, most of the rating agencies may utilize the historical
data to estimate the default probabilities of companies indirectly and these
probabilities are the key elements for making up the rating table in the very
first time it is determined. Once the rating table is set and companies are
categorizes to one of the rating classes, and after a while, we may be in-
terested in updating a representative default probabilities of theses classes.
Now, when we reestimate the default probabilities of these classes, we may
use the historical data again, where we will be faced with many difficult
statistical problems, such as censoring (Cox [1972], Takahashi [2009]). We
then transform the estimated probabilities into the ones under the equiva-
lent MG measure, if our purpose is to update the price of derivatives.

On the other hand, the use of implied probabilities is free from these data
collecting problems and transformations. With this in mind, we shall take
the latter approach in this paper.

There are several literatures discussing ways to derive the formula ob-



taining the default probabilities from the spread, they do not discuss the
accuracy of the estimated probabilities. We shall propose a way to estimate
the accuracy of the estimated default probability from the interest spread.

The key idea is to consider the implied default probability as a pseudo
data and we allow the ambiguity when the corporate bond price of a de-
faultable company is determined in the market. Hence we suppose that the
observed spreads contain error terms. We shall briefly review the results of
Duffie and Singleton [1999] in Section 2, the statistical model and method
is presented in Sections 3 and 4. We shall present and prove the consistency
and the asymptotic normality of our estimator to justify our method in
Section 5. Finally in Section 5 we introduce a bootstrap method and some
empirical results are given in Section 6.

Our method makes it possible to perform the statistical inference to the
individual default probability and the "representative” probability of the

rating classes.



Section 2. Preliminaries

Let (2, F, Pr) be the probability space, on which Standard Brownian
motion {W(t),t > 0} is defined. We also let {F; = o(W(s),s < t)},
(F;, ¢ F for all t > 0) be a Brownian filtration. We further suppose
that {W(t),t > 0} is the only source of uncertainty in our model, and there
are no arbitrage opportunities in the market, and the market is assumed
to be complete. These are the standing assumptions throughout the rest of
the paper and won’t be stated again. With this in mind, we shall review
some results on the relation between the default probability and the spread
of the interest rates.

Let P(t,T) = Pi(t,T) (t <T < T) be the time t price of the defaultable
zero coupon bond maturing at 7', where the suffix k indicates the rating
class to which the company of the interest is classified. The suffix £ may
be omitted if there is no confusions. We also let P*(¢,T) be the price of
the corresponding default free bond. It follows that the yield to maturity
R(t,T) = Ri(t,T) and R*(t,T) are given by

—1
T—t
-1
T—t

respectively under the no-arbitrage conditions with the continuos com-

R(t,T) = log P(t,T)

R*(t,T) = log P*(t,T)

pounding. The spread between the risk free and risky interest rate is thus
defined by
Y(t)=Y(t:P*,P)=R(tT)— R"(tT)
-1 P(t,T)
Tt P @1 (1)

Now to determine P*(¢t,T) and P(¢,T), we let @ be the unique equiva-
lent Martingale measure, then the standard theory of mathematical finance

asserts that
P(t,T)

B(t)

1
(T)

t
where B(t) = exp{—/ r(u)du} and r(u) is an instantaneous risk free spot
0

— Q@
B o—IF},

rate and E¥ denotes the expectation under the measure @ (Harrison and
Pliska [1982]).

On the other hand, the derivation of P(¢,T) is troublesome. Several
authors have discussed the problem, and we will review here the result of
Duffie and Singleton [1999] among others. Now, to determine P(¢,T'), the
default probability, as well as the proportion and the time at which the
recovery of the debt is made are playing important roles.



To fix the idea, let us write 7 = t; be the time of the default whose

survival function is given by
G(t) = Gi(t) = Q{7 > t}

:eXp{—/0 Au)du}, (2)

where A(t) is the hazard function (rate). We note that some authors consider
the hazard rate and thus the survival function is a random process, we do
assume the hazard rate (function) is a usual non random function.

By assuming that 100 x 6% of the debt is recovered at the time of default,

we have

P(t,T) = B {exp{— / R(u)du}| F;)

where,
R(u) =r(u) + AMw)(1 = 6)

(cf. Duffie and Singleton [1999]). If § is also assumed to be non-random, it
follows that

T
P(t,T) = E¢ exp{—/R(u)duHFt

T

~ B9 exp{—/r(u) AW (1 — 8)du)|F,
T t

= E¢ exp{—/r(u)du} cexp{—(1 — 6)/)\(u)du}|Ft
t 0
= P(t, T)G(T]t)" ),

where G(T'|t) is a version of the conditional survival function Q{7 > T'|F}}.

Now to avoid tedious conditional arguments, we shall fix the present time
t, and we may suppose without losing too much generality that 7' = ¢ and
t = 0. This will help us to simplify the notations and argument significantly

and, hence, the survival function may be written in terms of the spread,

G(t) = exp{—tY(t: P*, P)} T (3)

[N ote 1] If the recovery is made at the maturity day, we have a slightly



different formula:
G#(t) = exp{—tY(t: P*,P)— 6 }/(1—9)

B [zf(?o?)] -

(4)

(cf. Kusuoka et. al. [2001]).//

If either relation (3) and/or (??) hold exactly and § is known as well
as we can observe G(t) or G#(t) for every ¢, we are all set. We have an
exact estimate of the "true” survival function for each ¢ and the distribution

function of t under the equivalent martingale measure Q.



Section 3. Statistical Models.

Even if we suppose the theory is complete, there may be many sources
of errors when P(0,t) is determined in the market, such as a lack of our
information and a noise in the market, the assumption of being able to de-
termine the price P(0,¢) without error is unrealistic. Therefore, the implied
survival function is calculated with some errors and it may be reasonable
to consider a statistical model for the realized (or determined price of the
defaultable bond) P(0,¢). On the other hand, we shall suppose that P*(0,t)
is observed without any error, as we shall set it the base line of the anal-
ysis. Although we start from the continuos time model, we suppose that
both P(0,t) and P*(0,t) are observed in the discrete fashion and that we
confine ourselves to the time points {t = t;,4 = 1,...,n} C (0, T]. Then our
observed defaultable bond prices (the prices of risky bond) determined in

the market, are assumed to be
P(O,ti)—l-ahti €ty 1= 1,2,...,71, (5)

where we have set P(0,t;) are the "theoretically true” prices of the default-
able bonds maturing at t;, ¢} s are i.i.d. random variables with mean 0
and variance 1, and o is an unknown constant. The term h;, has an im-
portant role in our model. Since, P(0,0) = P*(0,0) = 1, we need to assume
ho = 0, and it may be reasonable to suppose that h; is a increasing in
t. On the other hand, it will make the whole analysis unnecessary com-
plicated if we assume h; is an unknown function of t. We, thus, suppose
that h; is a known function of ¢, or more concretely, a function of the form

hi = h(t, P*(0,t)) and as examples, we sometimes consider
hy = [1 = P(0,)]* (6)
or
he = [1 = P*(0,t)]" P*(0,t), (7
for some a > 0. It follows that we will observe random variable S; = S(t)
in stead of G¢ = G(t), where we have set,

P(0,1)
P (0,1)

Sy = S(t) = { exp {log] +op e} (8)

and
hy

PE= P 0, 0)

If we specify the function h; as above, we have

pt=% or 11— P (0,0]" ©)



It is convenient to rewrite the equation (8) as,
ST =8t =G +opy e (10)

If we denote the observed Sy, by si, = s(t;) ¢ = 1,...n, a non-parametric
estimator of the survival function may be obtained by smoothing the se-
quence {s(t;) i = 1,..n} and we may consider some statistical properties
of the estimated curves. In some situation, however, we have extra infor-
mation about the shape of the survival function, and in this case we may

assume a parametric model. Formally, we shall set

[Definition 1. Parametric M odel] Let © be a subset of R?, where

d denotes the dimension of the parameter space. We also let
Gt:0)=Q{ >t:0} (11)

is a survival function parametrized by d — demensional (unknown) vector
8 =(01,..,04) €O, where denotes the transpose.//

In the standard statistical analysis, we relay on the samples generated
by the assumed model (11) for performing statistical inferences. Although
there are no such data here, a sequence of implied estimates of the survival
functions are available and we shall use these estimates as "DATA” of the

statistical inferences. We now define

[Definition 2. Pseudo Data (RandomSample)] Let {S;, = S(¢; :
0),i=1,...,n} be a sequence of implied survival functions defined in (10).
And we denote the observed sequence by {s;, i = 1,..n}. We call {S;,,
i=1,..,n} a Pseudo Random Sample, and {s;, i =1,..n} a pseudo
sample (data).//

To estimate the unknown parameter vectors, we apply the least square
criterion and we define the pseudo mazximum likelihood estimate 9 of 6 as

follows;

[Definition 3. Pseudo M.L.E.] In the parametric model (11), after
having observed {s;,, i = 1,...n}, the pseudo maximam likelihood
estimate 9 of 0 is defined by

" G(t, 0)17° — s%i_ﬁ

B =9(n) =arg ¢ o[miny { -
i=1 g

¥ (12)

We often omit n for simplifying the notations, unless it is necessary. The
estimator 6 = é(n) of 8 is also defined by (12), with stlif‘S replaced by



Stl_ % The drawback of this formulation is that ¢; should be strictly bigger
than 0. We shall come back to this point below.//

We shall justify our estimator (12) by showing that they are consistent and
asymptotically normal in Sections 5. Now, to make the analysis easier, we
shall transform the functions and variables so that the model has constant
variances in time. Since, pg = 0, the careful readers have noticed that we
have to impose some restriction when we define the homoscedastic models

(12). Therefore, for some positive constant ¢, we let,

9)1-9
E(t0)= Gt6)" fort>c (13)
Pt
and
Sl—ﬁ 81—5
X;=X(t)=~"+— and v, =2(t)="~+— fort>c
Pt Pt

In practice, we may choose ¢
0 < ¢ < min{t;,7 > 1}.
With this new notations, (10) may be rewritten as
Xt)=E (t,0)+oeq (14)

and (12) becomes,

D =9(n) =arg; c g[min Y { E (t;, 0) — 2.}’ (15)
i=1

[N ote 2] The choice of « is another interesting problem. At the maturity,
both P(0,0) and P*(0,0) are set equal to 1, it follows that there is no error
determining P(0,0) and pp = 0 follows immediately (cf.(9)). It suggests to
us that a > 0. If we take a large, then the weight of these data with small
t become larger. We have made small data analysis on some AA company
and it is found that the fitting of the Webull model is good when a = 0.
But, the choice of a = 1 gives us a rather biased result. Based on the small
data analysis we made, the mean squared error is decreasing as &« — 0. We
have observed that the MSE is stabilized in the range o < 0.3. (cf. Picture

1)

[Note 3] As to the value for é, we shall simply follow the ”tradition”
that § = 0.3. The value also may be calculated implicitly from the ”data”,
we do not take the position in this paper.



Section 4. Pseudo Score Vectors. Throughout the end of this
paper, we shall suppose ¢ > ¢, we do not repeat thee assumption unless it is
necessary. The statistical model defined above contains several parameters,
0, « and 6. The role of a and ¢ are somehow different from 6, and they
should be determined before the statistical analysis of the parameter 6 is
performed. Hence, we shall define a d x 1 vector valued pseudo score
function (vector) ¥ (0 ,t,z) for the parameter vector 8, where we have

assumed that both a and ¢ are given constants. Let,

W8, 1) = 3log{ B (1, 8) — i}
:[a%a (t 6){ E ( 6) — ) (16)

= ({68615 (t,@)} {agda (t, G)D/{ E(t,0)—a}

If there is no confusions, we use the gradient and you may rewrite the above

equation as,
V(6 tw)=[VE(®O)E®E) -z}

where the gradient is taken with respect to the vector 6. And, the similar

notation:
V(6. t,z) =00, t,2),... 96, t,2)]
will be used whenever it is necessary, where

0
w(l)(e,t,mt):{a—eli(t,e)}{E(t,e)—xt} (17)
We note that under the regularity conditions to be specified below, a
pseuedo m.l.e. 6 is obtained by the differentiation in (15), and it is

given as a solution of

Z?:l w(l)(é7tiaXti)
V(6)="(B,n)=> ¥(6,tX,)= : o
i=1

S v (84, Xe)
(18)
We are now in the position to present the regularity conditions [C1] under
which we shall obtain the basic properties of ¥ (8 ,t,X;) =
(W P(6,t,X,),.... (6, X,)] which are similar to that of the "usual
score” vectors. The important relation in the usual score business, such
as "the expectation of the negation of the second order derivatives and the

square of the first order derivatives” do not hold here though.

10



[N ote 4. Intuitive Justif ication of the Psudo score function]
The use of the pseudo score function may be ”justified” by the following
special case, where we will assume that the distribution of the error term
e is N(0,1). Since, X(t) = E (t,8) + o ¢, it follows that the density
function of X (¢) becomes

-1

flz:t,0)= \/%O exp{2 02(33— E(t:0))?},

where o is assumed to be known. And the score function is given by,

-1.0
—[=—E (¢ 0 E(t,0)—
B (4 0 E (1, 0)— )

This is the same as our pseudo score function up to the constant multipli-

cation. (cf. (16))//

[Regularity Condition C1]

1. The minimum in (12) is attained inside the parameter space ©.

2. For each t > 0, Z(0,1) is three times continuously differentiable with
respect to 60.//

We shall present some properties of the pseudo score vector function be-

low;

[Lemma 1]. Under the regularity condition [C1],
(1). the expectation of the pseudo score vector ¥ (8 ,t,S5;) is

Eo{¥(0,t,X;)} = (0,...,0) =0, for all § and t > c.

(ii ). The (I,m)" element of the variance covariance matrix, Covg{ ¥ (6 ,s, Xs), ¥ (6 ,t,X;)}
is given by

[Cove{®¥ (0,s,Xs), ¥ (0O 7taXt)}](l’m)

(19)
02[3%:(15,9)} [{,g’ma(t,e)} s=1
- v 4
0 else
In view of (19), we shall write:
Varg{$ (0,6, X)) = 62[V E (t, 0)][V E (£, 6)] (20)



Proof. (i ).From the equation (14), the I'" element of Eg{% (0 ,t, X;)}

is

Ee{w“)(e,t,xt)}:EgHa‘Zl E (t, 9)} { E (@, 6)—Xt}}

_ {8%[ = (1, e)] Eo{oe} =0

(ii ). For the covariance matrix, it is also straight forward that from the
independence of X, and X, for t # s, the (I, m)!" element of the covariance

matrix is given by

[Cove{®(6,5,X,), ¥ (8,6, X)) = E{v (8,5, X)0 ™ (6,1, X,)}

_ [8%5(3, 0)} [%E(t, 0)]

x Eg ({E(s,0) — X} {E(t,0) — X¢})

o2 [(B%E(t,e)) (%ﬂz(t,e))} s=t
={ if |
0 else //

The additivity of the variance matrix is also easily seen. We simply record

the result in

[Lemma 2] For any s # t, we have
Varg{#(8,s, Xs)+¥ (0., X;)} =Vare{¥ (8,5, X))} +Vare{¥ (0,6, X0)}  //

Now, to discuss the asymptotic normality of é(n), we shall expand
LY (é,n) into Taylor series in @ about the true parameter vector 90,
and for this purpose we need the gradient vector and the Hessian matrix of
t,b(l) (0,t, X;). The following lemmas are also simple, but we present them for
the recording purpose as they are notationally very confusing and tedious;

we should go slowly and carefully.

[Lemma 3] The m!" element of the gradient vector V() (8,t, X;),
which is denoted by [V (0,t, X;)](™ | and the (k, m)™" element [%ﬂp(l) (8,t, X))

of the Hessian matrix aagzw(l)(O,t,Xt) of ¢(l)(0,t,Xt) are given respec-

tively by

12



vy (0,1, X))

_ {%%5@,9)} (2(t,0) - X} + L%E(t,e)] [B‘ZmE(t,B)}

2 (k,m)
0| = | (0] (E0) - x)

[0 0 _ 0 _ T
+ o] [-zeo)] (21)

+

[0 0 _ 0 _ |
_%8—%:@,0)] [8—91:@,0)_ //

It follows that the expectation under 8 of the gradient vector and the Hessian

matrix are given by,

Eg{[wp”)(a,t,st)} (m)} = [iz(t,e)lﬁ] [ 0 E(t,O)l‘s} (22)

and

Combining with Lemma 1, we have,

[Lemma 4] Forl,m=1,...d

B [v00.0.x0) ™ | = Wanntw(8. X gy 2

13



Section 5. Asymptotic Properties.

In order to justify our estimating procedure (15) or (12), we shall prove
the consistency and the asymptotic normality of our estimator 6 under
the additional regularity conditions [C2] and [C3] specified below. We shall
first give a sketchy proof of the consistency by the method of Wald [1949].
For this purpose, we shall suppose that the parameter space ® is compact

subset of RY. We also introduce the new notations. For any p > 0, let,
Qt,X,0)={E (t,0)—X,}*

and,

Q(t,Xt,Q,p) = inf Q(t,Xt,Gl).
|6 —0|<p

We shall now impose some regularity conditions for the consistency:

[Regularity Condition C2 ] (Conditions for the consistency)
1. For any pairs 6 # 6,

Q(t, X,0) # Q(t, X;,0"), at leat one pair (t, Xy)

hm Q(t, Xt,ei) = Q(t,Xt, 9)

11— 00

for all (¢, X:) except on a set of measure zero under the true parameter
vector #°. The null set may depend on 6, but not on the sequence {0;,i =
1,2,...}.

3. For any pairs 0 # 6,

[1]

=(t,0) # =(t,60"), at leat one t (25)

//

We are now ready to present and give a heuristic proof of the consistency.

[Theorem 1| In addition to the conditions [C1] and [C2], we suppose

that the parameter space is compact, then the pseudo m.l.e. 8 is consistent

estimator of 6: under the probability measure Prgo, we have

6 2 0° asn— oo (26)

14



Proof (Sketch). Let, 8° be the true parameter vector, then it follows
that,

02 = EGO{Q(ta Xtv 90)} (27)
< Ego{Q(, X1, 0)}
2
=+ |Et 0" - E(t 0)}
First, we suppose the parameter space is finite,
0=1{06",..., 6%}

Then, from (27), under the probability measure Prgo_the strong law of large
numbers tells us that

. 1 & 0y _ 2
nl;n(;cg;@(t“xti,e )=o0

and for all k =1,2,..., K,

. 1 ~ kEy 2 . 1 < — 0 —_ k 2
7}%5;@(@,)@,9 )=o +7}52cﬁ;{“ (t:, 8°) = E (t:, 8"))

(28)
The left hand side of () is strictly larger than o2 by [C2]-3, it follows that

o Qi Xy, 0%)
Pypo{ lim == :
ol I ST o X, 09)

Hence, the consistency follows easily from (29).

=oco}=1forall k=1,2,.... K (29)

We next consider the case where © is compact. Let, O be a compact
subset of ©, which does not contain the true parameter vector #°. Then for

any 0 € O, there is a positive constant po for which,
EQO{Q(t7Xt595p9)} > EQO{Q(tht’QO)}' (30)

The existence of such py follows from [C2 |-2, [C2 ]-3, and (25). Since,

O is compact, there is a finite open covering of S}
{00V, pp), 1 =1,2,...L}

where, O(0, p) is a sphere with center #,and radius p. Since,

i L X,,.0)> mi 0
rergg;Q(tuth,ﬂ) > lz@}ﬁé@(t&ﬁ , Po)

it suffices to prove

Ppo{ lim ZZI:I Q(t’Xtv‘g(l)’pW))
n—00 Z:lzl Q(tivXti,eo)

=oo}=1foral I=1,2,..,L (31)

15



By (30) and again by the strong law of large numbers, (31) follows readily
and the theorem is proved. //

We shall next consider the asymptotic normality of the pseudo m.l.e.
Although the assumption of compactness may be removed with little effort
and the complete proof will be published elsewhere, we only have proved
the consistency of our estimator under rather stringent conditions. The
consistency under the more general conditions of the estimator is necessary
for the asymptotic normality. Therefore, in the rest of this section, we shall
suppose without proof the consistency under more general conditions. In
fact, Regularity Condition [C3]-5 below includes the weak consistency of
the estimator.

To prove the asymptotic normality, we shall use a delta method which is
similar to that of applied to the regression problems. And for this purpose,
we shall first expand ¥ ( 6 ) about the true parameter vector 8 O Tt follows
that

n

Ozm(é):Z’l/’(é,ti,Xti) (32)
3 w60, + 8‘1 v (6°)(8 — 8') + Rem,

where we have set

E?:l [vw(l)(eovtiaxti)}l
i) oy '
%w(e )
S, [V 07ti,Xti)]
Zz 10011/)(1( Xﬁi)v Zz 100 1//(1)( tiaXti)
S s (00t X)), Y 5= (00,1, X))
and
~ 0/
(6 —06°) S, ZopM(0W" 4, x,)(6 —8")
1 )
Rem:§

0 2 « ~ 0
(6 — 0 )>r, 2o @0 4, x,)(6 —0)

16



(6 —6 Y 0 0 0 S (20 1, Xy,
1 0 (6—06Y 0 S (L@ (07" 1, X,
—2
0 . -0 (é — 90)' Z?:l(aagzﬂ/’(d)(e(d)*7tz‘7Xt,i
Z:I 18921»0 ) (9(1)*at’i;Xti)
| Ehigee® <e<2>*,ti,xti> L
=-I®(6 -0 (6 —6)

Z? 1 39 d’(d)(e(d)* tzvXt )

where 6" are intermediate vectors with I o0 g° II<Il 6 —6° I
for I = 1,...,d and || + || is the usual Euclidean distance, and ® is the
Kronecker’s product. We shall now present the regularity conditions for the

asymptotic normality:

[Regularity Condition C3]

1. (Conditions for the convergence of covariance matrices): The pseudo
data will be sampled in a way that the time sequence {t;,i = 1,2,...} are
selected so that there is a positive definite matrix (8 °) and B(8°) for
which

(1)
1 n
lim EZVar{@b(@O,t,-,Xti)} = lim 02%(6°,n) =o2%(6°)  (Say)
=1
(33)
where (I, m)"" element of £(8°, n) = L ZV@T{ ¥(6°t;,5,)} is defined

by
I 0 g0y O~ 10
w2 g, =108 g =(0:0°)
and,
(i)
! li{a $(0°, i, X, ))]— lim B(6"n)=B(6") (Say) (34)
n—oo N / 802 n—00

17



where (I, m)" element of X Z [ (D (0° Jtiy Xt )} is given by

) =(t;,0%) | {E(t,0°) — Ly 82: 0] [ 9 = g0
;[aaka@naoﬁ(t“@ )} {E(6:,67) = X} + Z[ae 55,5t 0") | | 5g-E(t:,6°)

(35)

1 n : o 9 _ 0 1 n 32 e a0 9 0
i {59163“%0)} {%m“(t“a)} Z[aamaak“(t“e) o6, %)

i=1

and (I,m)*" element of B(6 O,n) is defined by

n

1 = 0 8:‘0 1 82:‘0 8:‘0
”Z [39m39f 6 )} {8%““”0 )} - n; {aakaeﬁ(t“a )| |70, =90

1 n '— . 9 _ o
o {ae a9, —li- 9 )} {aeﬁ(t“e )}

i=1
Note that the difference between (35) and (36) comes from the weak law
of large numbers and (38) below. The matrices $(8°) and B(6°) may
depend on the sequence {t;,i =1,2,...}.

2. For every 68 € O, the time sequence {t;,7 = 1,2,...} are selected so
that

1 2 _ 2
EZ {—aelaam:(ti,e)] converges as n — oo, for all l and m, (37)

1 n 83 2
—Z {mE(ti, 00)} converges as n — oo, for all k, | and m,
n kOUmOU]

3. Under the condition (33) the sequence
{w(eo,ti,xti) = [pD(0° 4, X0, ), oo D (00 15, X, )i = 1,2, }

obeys the multivariate central limit theorem:;

_1
2 n

S Var{y(8° t, X))} Y (0%, X,,) 5 N(0,1y)  asn— o
=1

i=1

where 0 = (0,...,0)" is the d dimensional zero vector and I, is the d x d

identity matrix.
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4. For any bounded symmetric matrix D® [ =1, ..., d, the rate of conver-
gence of the pseudo M.L.E. to the true parameter vector 0 % is fast enough

so that we have, for each 1l =1,...,d

\/ﬁ{(é ~ 6y <%Z [aa—;?¢<l)<e<°>,a,xn>}> (6 - 9°>}&o (10)

as n — oco. Here bounded matrix means that every element of the matrix
is bounded. //

[Theorem 2] Under the conditions [C1],and [C3],

~

V(8 —8") L N(0,0°2(6° ") asn— oo

Proof. We first rearrange the terms (32) and multiply both side by /n ,

we have

V(b - 6"

=— [lillf (6° n)}_liiw(eo ti, Xt,) — [lﬂm (60)]_1 LRem
n 00 ’ Vn = T n 00 N

=1+1 (say). (41)

To analyses the denominator of 1, note that the (I,m)"" element of
1 [%’{f (Qo,n)} is (by Lemma 3)

n

n

%XE [B%E(ti,e)} {%E(ti,e)]%z {%E(tw)} {E(t:,0) — X, } -

i=1

n
2
The convergence of %Z {%STQGE(Q, 0)} (cf. [C3]-2) guarantees that the
i=1
second term in the above equation converges to zero in probability. Hence,

as n — 0o, we have

E%ﬂf (Go,n)} - [#ZVW{ip(eovtuXti)}] (42)

1
n

And eventually [ %W (6 0. n)] converges to [022( 0 0)} in probability
as n gets larger. To analyses the numerator of I, in view of (42), we write

I as,

W=

n

~[iggreta] [ : iwr{w(eo,t“xn)}] S (6% 4, X,)
=1

Py )
n 00 024 P

Hence, combined with [C3]-3, we have
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14— [2(9 )]7% N(0,0°I4) as n — oo

We shall next consider II. As above, the denominator converges to
(6 0). Since 6" converges to #° in probability fort each | = 1,2, ...,d,

the numerator is proved to be equivalent to

«ﬁ{(é —6’y (%Z [aa—;w”(e(o’,ti,xm}) (6 — 9°>}

and thus by the condition [C3]-4, I converges to zero in probability as

n — oo. We have proved the theorem. //

[N otes on the conditions [C1] and [C3] ] Condition [C1] is a stan-
dard one and it looks OK. But, as some readers may have already noticed
that some of the conditions in [C3] are strong and look strange. If the

time sequence {tl, i = 1,2,...} is chosen equally spaced, the convergence
of 1 ZVar{1/: ti,Xt,.,)} may be guaranteed by the following integral

comparlson test:

E(t,0°%)|dt < 0o, as n — oo

1 n _
E;Var{'gb( i, Xy, }_>/ —:tOO)

Similar integral representation will be possible for the other terms related
t0 55 E(t. 0), sz =(t:6), and [ =2 (t, e)} /)

Now, the main mission of Theorems 1 and 2 are to justify our estimation
method and we do not intend to use the theorems to construct a confidence
regions and/or testing in the application. For the practical purposes, we
shall invoke bootstrap to evaluate the accuracy of the estimate. We shall

discuss this in the next section more extensively.
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Section 6. Bootstrap.

When we implement our method to the real data, it is easy to obtain the
pseudo m.Le. 9 of @ by (18) numerically. And, theoretically, we can derive
a confidence region of @ from Theorem 1. The approximated 100(1 — a)%
confidence region (interval) is given by

N ~ ~ o2

(a_eyzwxe—e)gzwkm (43)
where ¢;_, is defined by Pr{Z'Z < ¢1_o} = 1—q, and Z is a d dimensional
standard normal random vector. The difficulties arise when we calculate
(approximate) X(0). The (I,m)" element of 3(0) may be approximated
by fT 8%; 2(t,0) 52— ~Z(t,6)dt, and most of the cases these integrals are not
given in the closed form and, therefore, the confidence region may be ob-
tained only numerically. Likewise, we can obtain the confidence intervals
of linear combinations of the elements of 8 only numerically in many of the
applied aspects. We also note that the accuracy of the central limit theorem
depends heavily on the sample size, and in our situation, we cannot expect
a good normal approximation, as we do not have enough samples.

Hence, when we come up to analyses the real data, we recommend the
reader to use bootstrap rather than asymptotic theory. Although, we have
not fully justified the validity of the bootstrap, the results of previous section
suggests that the bootstrap will works on this problem too. The method we
apply here is similar to that of bootstrap for regression model. We simply
describe the procedure as follows. We shall suppose the parametric model
for continuity of the arguments, the assumption may be removed without
too much effort. Needless to say, we suppose the model (14).

[Bootstrap|We let {z, = x(t;) ¢ = 1,...n}, be a sequence of the pseudo
data, where z; = z(t) = Stp—j. Asin (15), we estimate the base line estimate
9 by

n
J = arg, c Q[minZ{ E (t;, 0) — x4, }
i=1

G(t,0)!~

where E (¢, 0) = o

. We estimate {oc ¢, i =1,...,n} by
ef = B (t;,0) — a4, i=1,..,n (44)

And we define the set E of ”standerdized” residuals, from which the boot-
strap sampling will be made (cf. Wu [1986)):

E = {6t17 ceny etn}

where
n

n _ _ 1
er, = (ef —€"), and & = — g ey
n—1"" n ‘

i=1
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0" Step. Set

m=1

15t Step. We choose n elements at random from E with replacement,
denote it E*(")
Exm) — {efl(m), ey e::m)}

274 Step. Construct a bootstrap pseudo sample by
x;:(m) = E (t;,9) —|—e;:(m) i=1,...,n

374 Step Estimate 8 from the pseudo data {x:i(m), i =1,..n} and denote
. 5 x(m)
it as ¥

~Ax(m)

= argy ¢ omin Y { E (t;, 6) — a7}
=1

4" Step. with m = m+ 1, Repeat the Step 1st to 3rd M times, and denote

the estimate by
9 L

and we define bootstrap estimate of by
S(Boots) _ 1 g~ ax(m)
/l9 oots _ = é* m 45
i mZ::l (45)

5" Step. Construct the estimate of bias and variance of 9 by

(Boots) ~

BiasBoot)(9) = 9 9 (46)
and
1 N ax(m)  =(Boots),  ax(m)  =(Boots)
Var(Boots) ({9) = DA @9 -9 Y (47)
m=1

respectively. We also define the bootstrap estimate of the distribution func-
tion of 9 by

5x(m)

1 /
1— G(BOOtS)(tl, ...,td) — M#{m : 9 < (t1, ...,td) } (48)

Of course, the marginal distribution may be obtained much easier. And,
the naive confidence region for 6 is given by the (?7?). In the next section,
we shall apply our estimation procedure together with the bootstrap to the

real data.
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Section 7. Numerical Examples.

In this section, we shall apply our statistical model and the estimation
procedure to the bond prices of ACOM, TOYOTA as examples for the
individual companies. We also study the representative default probabilities
of classes AAA and BBB. We shall estimate the default probabilities of these
companies as well as the some rating classes as of April 15, 2003. Although,
when we implement the method, regularity conditions C1, C2 and C 3 are
not fully investigated, the results in this section suggest us the validity of
our method numerically.

The parametric models we shall consider are (i) Exponential and (ii) We-
bull models. We denote the survival function of the exponential Gezp (2, 6)
and of the Weibull by G .;(t,0). Here, we have set

Geup(t,0) = exp{—t0}, t>0
Gwei(t,0) = exp{—(t01)%}, t>0, and 6 = (64, 62)

respectively. The detail of the analysis are presented in the pictures and

the tables, we shall simply summarize the rough observation. We have first
apply both Exponential and Weibull distributions to the data from ACOM
and TOYOTA with a = % and 6 = 0.3. The MSE from the Exponential
distribution are larger than that of Weibull and this can be also seen visually
in the Pictures 2 and 3 for ACOM, and Pictures 6 and 7 for TOYOTA. It is,
of course, a natural consequence, as Weibull allows two parameters, whereas
the exponential has only one. We, thus, apply Weibull for the rest of the
analysis (AAA and BBB). The pictures of the estimated survival functions
for AAA and BBB are presented in the Pictures 10 and 14 respectively. The
bootstrap estimate of the histogram of each parameters for ACOM are given
in the Pictures 4 and 5. The corresponding normal curve is superimposed in
Picture 4 to see how the asymptotic normality of the estimator is attained
by intuitive manner. The results from ACOM and BBB (Pictures 15 and 16)
look good in the sense the histograms are well approximated by the normal
(We do need to test them statistically though). The results from TOYOTA
are disastrous (Pictures 8 and 9). Also, Pictures 12 and 13 show us that
the distributions are rather biased to the left. These may be explained by
the number of ”data”. We only have 3 for TOYOTA and 7 for AAA. This
small analysis shows the statistical method we proposed seem to attain the

satisfactory results.

Acknowledgement: The author thanks to Reiko Tobe for her su-

perb help obtaining the all numerical results in Section 7. Thanks are also
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go to both Katsumi Shimotsu and Eiji Kurozumi for their comments on the
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