Supplement to “Efficient estimation in semivarying
coefficient models for longitudinal/clustered data”
by Ming-Yen Cheng, Toshio Honda, and Jialiang Li

S.1. Proofs of Propositions 1-3 and Lemma 1. In this section, we
outline the proofs of Propositions 1-3 and present the proof of Lemma 1.
When m; is uniformly bounded, we have the same results for general link
functions by just following closely the arguments of [3]. We outline the results
at the end of this supplement. Note that the sub-Gaussian error assumption
is necessary in that case. We outline the proofs of Propositions 1-3 since we
allow some of the m;’s to diverge as in Assumptions Al and A2.

Proof of Proposition 1. First we consider the properties of I'y,. The (k,[)th
element of n~'Hjq. is given by

(Xp = Z"@vi, X1 — Z"v)y, -
From Lemma 1 (v)-(vii), we have

(X — Z"@vi, X1 — Z"ov1)y, = (X — ZT 0y, Xi — ZT o) + 0p(1)
= (X = ZTov1 X1 = ZT03)Y + 0p(1).

This and (2.5) imply that for some positive constants C; and Co, we have
C1 < Amin(n™ Hi12) < Amax(n™ ' Hi1.0) < Cy

and hence

1 1
1 — < Apin(H™) < Apax (H'H) < ——
(S.1) nCQ_A (H") < Amax( )—nq

with probability tending to 1. Note that
Var(By [{Xi;},{Zi;}.{Ti;}) =Tv

and Theorem 1 of [13] implies that 'y — H'! is nonnegative definite when
H'! is defined with V; = 3;. Hence for some positive constant Cs, we have

Cs
)\min T Z -
(Tv) = —

with probability tending to 1.



Now we prove the asymptotic normality of

Bv = E{Bv [{Xij}, {Zi}, {Ti}}
- gU ( Z XTIV le, — HyoHy) Z W/-Z,TV;AQ)‘
i=1 i=1

As in the proof of Theorem 2 of [13], we take ¢ € RP such that |¢| = 1 and
write

By —B{Bv [{Xi;}, {Zi} AT} = ) i (say),
i=1
where
ai =c"H" (X, - W,H,' Hy) V'S,V (X, - W, H,, Hy ) H' ¢

and {n;} is a sequence of conditionally independent random variables with

E{n [{Xij},{Zi;},{Ti;}} =0 and  Var(n; [{Xi;},{Z;}, {T;5}) = 1.

We have from (S.1) and Lemma 1 (vii) that

2 P 2
2 _ Ma T~ 2\ Mma
max a? = 0, (" > 1x - 27wl = 0, (M),

On the other hand, we have for some positive constant Cjy,
n
C
Z a? = AITye> -
, n
=1
with probability tending to 1. Hence we have established

2

maXj<i<n Q;
n 2
> ie19

and it follows from the standard argument that

= Op(n™' i) = 0p(1)

n

(S.2) (ia?) _I/QZamZ- 4 N(0,1).
i=1

i=1

Finally we evaluate the conditional bias:

Biass = E{Bv |{Xi;},{Zi;}, {T3;}} — Bo



Take g € G'g such that ||go — gl|lG.co = O(K,,?) and set
(50 =4go — § and 50 = ZT(so.

Note that
160[loc = O(K,?) and ||| = O(K,,?).

n

We also take @y € Gp such that |0}, — @villceo = O(K,?%). Then we
have the following expression for the conditional bias:

Biasg = nH'"(S1,...,5,)7,
where
Sk = (Xp, 00 — Z v ndo)y, = (X — ZT@vk, 60 — Z Ty o))
= (X, — Z" oy 1, 60 — Z" Ty wdo),,
+(Xy, — ZT 3y, ZT Ty 80 — ZT Ty o)y,
+(Z7 %1 — Z @vk, 60 — ZT Ty o)V
= Sk + Sor + S, (say).

Note that

(1 X5 — ZTsO*VkHV)2>

E{S;;} =0 and E{ka}:O( =

since Six is a sum of independent random variables, 3, = Iy Xy, dg =
Z7§y, and

160 — Z Ty do]|oc < [|00]loc + C K2 Z Ty 0]

< [10olloe + CEY?||d0])Y = O(K,5/2).
Hence we have
Sk = Op(l/(nKS’L)l/Q) = Op(n_l/Q)-

Now we deal with Soz,. From Lemma 1 (vi) and the fact that ||6g—Z7 TIy,,60] /00 =
—3/2
O(K,"""), we have

1Z Ty 00 — Z Ty o]
— s (60 — Z Ty w0, Z7 )y, — (60 — ZT Iy n b0, Z7g)Y |
9eGp 127 gl
Ky
n

= 0K [21) = 0y 1),
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Thus we have
|Sor| = 0p(n™1/2).

We also have
Skl < 160lls 127 (P31 — BVl = Op(K ") = 0p(n™"/?)
since |69 — ZTﬁvnchH,‘l/ < |160]lY . Hence we have
Biasg = o0,(n " /?).

The desired result follows from (S.2) and the above equality.

As for Proposition 2, there is almost no change in calculation of the score
functions in [13] and [4] and we omit the outline. This is because m; is
bounded for any fixed n.

Proof of Proposition 3. When V; = 3;, we have
Iy = H'" = (Hu12)™" and @5y = @hpfh-
Lemma 1 (vii) implies that
1 1 1 1 * (kT
#R’:EHﬁQZEEUM%)}+%O)ZQE+%Q)

The desired result follows from the above result and Proposition 1.

Proof of Lemma 1. The proof consists of seven parts.
(i) Recall that

(12777 = B{ > (279 Vi '(279),}
=1

We have from Assumptions A4 and A5 that

m;

C <N |
(S3) fE{ZE gT(Tij)Zing;g(Tij)}
i=1 "t j=1

< (1279 < ZB{ 33" g" (1) 2 Z50(Ty)}

i=1 j=1
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for some positive constants C7 and Cs. Assumptions A2 and A3 imply that
for some positive constants C3 and Cy,

(S.4)

q n mg
ey [aar< in{ 3" LY (1) 2, 259(1)}
=1 i=1 "

n m; q
= EE{ ZZQT(TZ&‘)Z@Z%Q(TM)} < C'4Z/gl2(t)dt
i=1 j=1 —

The desired result follows from (S.3) and (S.4).

(ii) This is a well-known result in the literature of spline regression. See for
example A.2 of [S2].

(iii) The result in (ii) implies

1X78+ 27g|% < CKu (181 + g% )

for some positive constant C'. Recall that p and ¢ are fixed in this paper.
On the other hand, we have from Assumptions A1-3 and A5 that for some
positive constants C7, Co, and Cs,

(1X78+ 27g]")?
>*E{ZmZZﬂT 1w (Gt ) (o))
>E{ZmZZﬂT o @) (o) } = Bl + Lol

Besides, we have for some positive constants C7 and Cj,

(El: ZZ [0ij]* < Calvloo-

=1 j=1

Hence the desired results are established.
(iv) For g1 € Gp and gy € Gp, we have

1 _ —~
(2791, 2" g)} =41 { =S WV W b = 4T By (say),
=1

where Ay, is a ¢K,, x ¢K,, matrix and v; and ~ correspond to g and go,
respectively. Elements of 1 Z?zl ETV-_IE~ are written as

1 k ,l kol
(S.5) EZ Z ]UQBkl (T%h)BIQ(TZJ2)Z”LJ1Z121J212 - A( A (say),

1=1 j1,j2
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where Ujm is defined in (5.3), 1 < ky,ke < K,,, and 1 < [y,ly < ¢. By
evaluatlng the variance of (S.5) and using the Bernstein inequality for inde-
pendent bounded random variables, and Assumptions Al and A2, we have
uniformly in k1, ko, I1, and s,

logn
nk?

n

(86) Ay —EB@Y) = 0,(1[755) i Br(t)Br() =0

and

1
(87) A(k1,ll,k2,l2) (A(k1,ll,k2,l2)) — Op( %) if Bk:1 (t)Bk:Q (t) 7—é 0.

By exploiting (S.6), (S.7), and the local property of the B-spline basis, we
obtain

(S.8)
— — — — logn
max{Amin(Bvi = EBva))ls max(Bvn = E@va))[} = 0, (1/27).
We also have
C — — C
(SQ) fj] < Amln(E(AVn)) S Amax(E(AVn)) S Kii
since Assumptions A2 and A3 yields
03 n 1 m; .
- > p— > (Zi; © B(Ty)" (Zi; ® B(T))
i=1 " j=1
- 04 n mz
i=1 j= 1

for some positive constants C3 and Cy. See the proof of Lemma A.3 of [S2].
Hence the desired result follows from (S.8) and (S.9).

(v) This follows from (iv) and (vi).

(vi) Using Assumptions Al and A2 we have

<5n7ZlBk Z Z On, 71U z j 2j2lBk(Tijz)

=1 j1,j2

and

2
Var(6,, ZiBy)Y) 01”5"”@2 2" B{BY (T BY(Ty)y < 200l

nk,
31,92 "



for some positive constants C7 and Cs. Hence we have

q Kn

C
DD Var((a, ZiBi)y) < —l0ul
=1 k=1

for some positive constant C' and the desired result follows from (S.9).
(vii) Take @y € G such that [|[@vi —@3pllG.o = O(K,?). Then we have
for some positive C,

(8.10) 12" (@vi — eyl
< NZ"@vi — evi)llee + 1127 (Bvi — ovi)llo

< CVEZ" @y — vl + 127 (vi — eyl
< CVEZ" (o — vl + 127 (@vi — eyl

= O(K;%?).

Here we used the fact that oy, = Iy, X, € Gp and @3, = Iy Xj. In-
equality (S.10) implies ||Z7@ylle = O(1) and we have only to evaluate
ZT @y — Pvi). We should just follow the arguments on p.16 of [3] by re-
placing ¢}, and @y, , with ZT gy and ZT Py, since the arguments employ
(iv) and (vi) and don’t depend on m;. Then we have

12" (@vi — Bvillo = 0p(1), 1 Z" (Byi — Bvi)lln = Op(VKn/n),

and | Z7 @y — Gvi)llV = Op(VEs/n).

The desired results follow from the above equations and (S.10).

S.2. Proof of Proposition 4. In the proof, we repeatedly use argu-
ments based on exponential inequalities, truncation, and division of regions
into small rectangles to prove uniform convergence results as in [S3]. We do
not give the details of these arguments since they are standard ones in non-
parametric kernel methods. Since we impose Assumption A2 and we do not
use X; or V; in the construction of g(t), o2(t), and o (s, t), we see the effects
of diverging m; explicitly only when applying the exponential inequality
for generalized U-statistics. Recall that we assume three times continuous
differentiability of the relevant functions in this proposition.

The proof consists of four parts: (i) representation of g(t), (ii) represen-

tation of &, (iii) representation of ﬁ(t), and (iv) representation of (s, ).
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(i) Representation of g(t). Applying the third order Taylor series expansion
to go(t), we have

(S.11)
Ty —t h? (T —t\2
T %) / 1 ) /" 3
Zlig0(Tij) = Z[{ao(t) + =5 —ai(0) + 5 (75— b (1) | + 00D,

where gg(t) = (go1(t), .-, 90,(t)" and gf(t) = (961 (t),---,90,()". By
plugging (S.11) into (3.2), we have uniformly in ¢,

(S-12) §(t) = go(t) + Dy(L1(t)) " La(t)(Bo — Br)

+ ’“D o (0) L Es(D)gl (1) + Dy(Ln (£)) " Eo(t) + Op(h2),

where L1 (t) = Aqn(t) defined after (

n  m;

ZQ( N1h1 ZZZU © ( ”t> h EX

i=1 j=1

0= S @z s () (T”"t>
3 Nlhl (TZ ) h1 ’

i=1 j=1 hi1

n m; T,ZJ _t
EO( Nlhl ZZZZ] & ( 17-—t> K( hl )Q]

=1 j=1

By following standard arguments such as those in [S3], we obtain for j =
1,2,3,

logn

(S.13) Lj(t) = Li(t) + Op(

) uniformly in ¢,
nhy

where L;j = E{L;(t)}, and

(S.14) Ey(t) = Op<1 / lo%) uniformly in ¢.
niy

Assumption A2 implies that
(S.15) Cilyy < Li(t) < Colyy

for some positive constants C; and Cs. From (S.12)-(S.15), we have uni-



formly in t,

(S.16)
N 2
6(4) = 90(t) + Dy(La (1) La(t)(Bo — B1) + "L Dy(L (1) La(t)gh (1

+ Dy(La(£) ™ Eo(t) + Op(h3) + Op<12i?) +0, (1t 1?5:)
= go(t) + La(t)(Bo — Br) + hi Ls(1)gq (1) + Le(t) Eo(1)

+0,(h3) + O ( Oi?) + O;,(h% 12%:) (say).

Note that all the elements of L;(t), j = 4,5,6, are bounded functions of t.
(ii) Representation of €;. We have

& = €ij + X5(Bo — Br) + Z5(go(Ty;) — g(Tiy))-
By plugging (S.16) into the above equality, we obtain uniformly in ¢ and 7,
(S.17)

& =€ + (X[ — ZLLA(Ty5)) (Bo — Br) — h1Z5Ls(T;)g" (T))

logn logn
= Z5La(Ty) Eo(Ty) + Op(h) +0p (S5 ) +0p (1 S5

= €5 + M (,30 - ,31) + hiM (2) g"(Tij) + Mi(JS)EO(Ej)

+ O, (h3) + 0, (10%) +0p<h§,/12i?> (say).

Note that all the elements of MZ(] ), Mi(j?), and Mi(f) are uniformly bounded
functions of Xj;;, Z;;, and Tj;.

(iii) Representation of o2(t). We have uniformly in 7 and j,
(3.18) (%V:%—f@)ﬂﬂ%%ﬂwM@%@ﬁ
+ 2¢i M (ﬁo — Br) + 2k, z(g 'gl(T3))

+0,(13) + 0, (loi”) +0, (h% 12?:)

Recall that M; -(D l= 1 2 3, are defined in (S.17). It is easy to see that the
contributions of 2¢i; M (ﬁg — B;) and 2€i; hQMi(jz)g”(Tl-j) to ;5(15) are

Op(\}ﬁ IZZL) and Op(h% 12%:)
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uniformly in ¢, respectively. Thus we have only to consider e?j — o2(Ty),
0(T3;), and 2¢;; M, Eo(Ty;) in (S.18).

Setting L7( ) = Aan(t), which is defined after (3.3), we have for some
positive constants C7 and Cs,

~ /1
(819) L7(t) = L7(t) + Op< %) and CiIy < L7(t) < C9ly

uniformly in ¢, where L7(t) = E{L7(t)}. Now we have uniformly in ¢,

(S.20) o2(t) = (10)(L+(t)) " (E1(t) + Biasi () + Ri(t))
+0,(h3) + 0 (12“2”) +0 (h% 12?:)

where FE(t) is defined in Proposition 4, Bias; (¢) is the term of 02(T;;), and
R (t) is the term of QEUM( )Eo( T;ij). It is easy to see that uniformly in ¢,

(S.21) Bi(t) = op(\/%).

By applying the Taylor series expansion, we have

T, -t 13

0*(Tij) = o*(t) + ha(0?)'(t) h 5

Therefore Bias;(t) can be represented as

. = o2 h3(02)" (1) =
Bias(t) = L7(t) <h2(02(§/)(t)) + 22(.N1)hz() Z Z (

i=1 j=1

+ Op(h3).

uniformly in t. Setting

8 (1) N1h2 ZZ ( TZ]—t

=1 j=1

'ﬂ
\/
/\

=
:,M,
[\

~
~—

we have uniformly in ¢,

~ logn
Ls(1) = Ls(t) + 0p (1) 1)
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where Lg(t) = E{Lg(t)} and Lg(t) is a bounded vector function of t. Hence
we have uniformly in ¢,
(S.22)

R 2 0.2 " ogn
Bias, (t) :L7(t)< (;§§2( )> —I—h2(2)(t)L8(t)+Op(h§)+Op<h%\ﬁi2).

Next we deal with R;(¢), which can be written as
(S.23)

Ti; —t Tyi — T
N2h1hQZZZZZEl]€z]/Aale abU/K( ]hQ )Kb< ]hl ])7

ab =1 j=14=1j5'=1

where K;(t) = t!K(t), a = 0,1, and b = 0, 1. Note that Aapij and By i; are
uniformly bounded functions of X;;, Z;;, and T;;. We evaluate

(S.24)

n m; mn My

N2h1h2 ZZZZGUEU’A%W Bap,irjr Ka (T”h t)K (T"JhITZJ>

i=1 j=14¢= 1]’ 1

Ty —t
N2h1h2zz abzg abina< JhQ )Kb((])

Ti;—t T — T
)
+ N2h1h2 ; ; €ij€ij' Aab,ij Bab,ij By b Iy

T - ,’Z—ji/ o 1—;]
N2h1h2 ZZ%E”'A“” i Babj Ka ( I )Kb< e )
£ g,
1 3
= Ri(t) + R, () + R (0)  (say).
Note that we cannot apply classical exponential inequalities for U-statistics

since kernel functions depend on ¢ and ¢' and observations are not identical.
It is easy to see that uniformly in ¢,

(S.25) RY (1) = 0p((nh1)™") and RZ(t) = Op(n1).
We evaluate Rg)b(t) by using an exponential inequality as the one given in
(3.5) of [S1] with A = C;(logn)*m2,,./(n%h1hs),

(log n)?km?2

B = G i (b + by '),

C = C3/(nh 1/2 1/2), and x = Mlogn/(nhl/2 1/2) in the inequality and
standard arguments in nonparametric regression as in [S3]. Note that we
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used a kind of truncation technique to handle ¢;; and that we have to take
sufficiently large k and M here. Hence we have

(3) _ logn
R0 = 00 (o ira)

The above equation and (S.23)-(S.25) imply that

logn 1
2 t) = . R — —
(5.26) () Op(n(h1h2)1/2) + Op(nhl)
uniformly in ¢. It follows from (S.19)-(S.22) and (S.26) that

—~ 2

o%(t) = o®(t) + (10)(Lr(¢)) " Ex(t) + @(1 0)(L7(1) ™' Ls(t)(0*)" (1)

+ 0, (h3) + 0,(h3) + O, (IZi?) +Op(12i:).

The expression of o2(¢) in Proposition 4 also follows from the above expres-
sion.
(iv) Representation of o (s,t). We can proceed almost in the same way as

when we deal with o2(t). First we examine €;;€;; closely. Then we have
uniformly in ¢, 7, and j’,

€ij€ij = €ijéijr — (ngaT )+ o(Tij, Ty )
(5.27) + € M, U (;60 - :3[) + 61] (:60 - /31)
2
(S.28) + eiih} y%mn+%# M g(T)

O, (h3) + op( Ziln) +0, (h%,/lfi?).

It is easy to see that the contributions of (S.27) and (S.28) to o (s,t) are

O\ ig) 08y 757)

uniformly in s and ¢, respectively. Therefore we have only to consider €;;¢;;: —
(T3, Tyyr), 0(Tij, Ty ), and e; M) Eo(Tiy) + €30 My Eo(Ti;) i 56350
Setting Lo(s,t) = Asn(s,t), which is defined after (3.4), we have for some
positive constants C7 and Cj,

~ 1
(8.29) Lg(S,t) = Lg(s,t) + Op( %) and CiI3< Lg(s,t) < Colg
n

3
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uniformly in s and ¢, where Lo(s,t) = E{Lg(s,t)}. Now we have uniformly
in s and ¢,

(S.30) 5(s,t) = (100)(Lo(s, t)) " (Ea(s, t) + Biasa(s, t) + Ra(s,t))

+0,(h3) + 0, (IZi”) +0, (h% IZi?)

where E»(s,t) is defined in Proposition 4, Biasy(s, t) is the term of o (T35, Tj;),

and Ra(s,t) is the term of eijMi(ﬁ)Eo(Tij/) + eij/Mi(J?’)Eo(ﬂj). It is easy to
see that uniformly in s and ¢,

logn
(S.31) Ea(s,t) = op( nfﬁ )
3
Setting
EIO(Sat)
n 1
_ 1 222 Tifj;fs ((Ej—8>2 Q(Ej—S)Q(ﬂj/—t) (ﬂj/-f)z)
Nah3 oy TZ{’ ¢ h3 hs hs3
3

T — s T —t
K== (F5—):
8 h3 h3

we have uniformly in s and ¢,

~ [logn
Llo(s,t) = Llo(S,t) + Op( %),
3

where Lig(s,t) = E{L10(s, t)} and L1o(s,t) is a bounded matrix function of

(s,t). Then we have, as in the proof of the representation of g(t), uniformly
in sand t

920
R 6(5 t) h% 292 S,t)
(S.32)  Biasa(s,t) = Lo(s,t) gz s, t) | + ?Llo(s,t) @gt(s,t)
h3 (S t) %Tg(sat>

logn
+ O, (h3) + op(hg1 /W>'
3

Finally we deal with Ra(s,t) in the same way as in the proof of the repre-
sentation of o2(t). We use the same exponential inequality for U-statistics.
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We should consider

1 n n
(S.33) A SN CiviiCings Aabesir jo Babeinis

i1=liz=1j1#j2 Js

_Ti1j2> Ti1j1_t Tij, — s
Ko (ZH— ) R ( ),
h AN 7 hy

X Ka <E2j3

where K;(t) = 'K (t), a = 0,1, b = 0,1, and ¢ = 0,1. Note that Agpc;
and By, i; are uniformly bounded functions of Xj;, Z;;, and T;;. This is a
generalized U-statistics when we remove the summands of i1 = io and we
recall (1.1) when we evaluate (S.33). It is easy to see that uniformly in s
and ¢,

(S.34)

1 n
E:E:E:EHE"A""BI’"

NlNthhg L ¢ L ?1J1+21J34abc,1y J2 - abc,11 J3
u=1j1#j2 J3

Ty js — Tiy Ty —t Tijn — $ 1
(B e () =)
% hl b h3 h3 P nh1

In the same way as when dealing with Rﬁ)b(t), we obtain

(S.35)
1
N Vo2 Z Z ZGiljl€igj3Aabc,i1ngabc,i2j3
VRS i 122 s

X Ka(W)Kb(Elj];?) t)KC(Tim;g 8) — Op<7m)

C= Cg/(nhi/th), and = = M log n/(nhi/th) in the exponential inequal-
ity. Note that we should choose sufficiently large k and M. It follows from
(S.34) and (S.35) that uniformly in s and ¢,

with A = Ci(logn)fm3,../(n?h1h2), B = Ca(logn)km?

_ logn

Note that we cannot relax the assumption of m.x = O(nl/ 8) in Assumption
A1l when we derive (S.36). It follows from (S.29)- (S.32) and (S.36) that
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uniformly in s and ¢,

o(s,t) —o(s,t)

%
Q

— (100)(Lo(s, 1)) "L Ea(s, ) + hf(l 00)(Lo(s, )" Lio(s, 1)

‘QJ
S
Q
»
o~

+Op() + Op(h) + Oy ;’5:) + op(%‘).

The expression in Proposition 4 follows from the above expression. The proof
of Proposition 4 is complete.

S.3. Proofs of Lemmas 2-8. First we state some results on EAJ, Set

— logn logn
S.37 on = h3 + hj :
(S.37) S e

Then we have from Proposition 4 that uniformly in 4,

max{|Amin(Z; — gz)‘v | Amax (i — EZ)H‘ = Op(mi$)~

Recall that

IR YD S >N SA) Yt
S0 >RET0 YRS 55D SRNED S ll0 YD 515D Sk 0 YD 31 yinki
We have from Assumption A4 and Proposition 4 that uniformly in i,
(S.38) 1274 — 2027 max = Op(midy),
(8.39) B (S = Z)EH (S = B0 max = Op(mi5,),

where |A|max = max; j |a;;| for any matrix A = (a;;). Besides, it follows from
Assumption A4 that we have uniformly in ¢,
(S.40) R R

max{Amin (Z; (i = ) ;)]s Amax(B7H(Bi = B) B[} = Op(midn).

We also have the same result for f];l(Ei - ZA]Z)E (X -3 )E;7 ! asin (S.40)
with m;d, replaced by (ng)2 Proposition 4 also implies each element of
=N - f]i)Ef has the form of

(S.41)

DM (T)h3+DP h2+ZD T,)Er(Ti)+ Y D ( Ty, Tiy)+ D,
J#y
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where

7

logn logn logn
DY — 0 <h3 B3B3 >
m;Op| h{ + hy + h3 + iy + iy + nh?
uniformly in 4.
We state the following two useful facts before we start proving Lemmas
2-8, both hold uniformly in I:

1 n 5 mg L 4
(S.42) g ;mz ; ‘Wzgl| - Op(Kn ) ’

(S.43) and Zm El: Z ’WzgllHezyz| - ( )

Jj1=1j2=1

where W;;; denotes the /th element of W;;. We can prove them in the same
way, except that we need a kind of truncation argument when showing
(S.43), and we outline the proof of (S.42) in the following. To prove (S.42),
we evaluate the expectation and variance and apply the Bernstein inequality.
First note that we have uniformly in [,

B{n Y md > Wil} = o).
=1 j=1

This follows from the local property of the B-spline basis and Assumption
A2. In addition, since we have from Assumption A2 that

{ max Zm Z|le|2 InaX Zm Z ’szllHWz]zl‘}

J1#52
2 3
m
nk, * nK?

the variance is bounded from above by Cin~9/20 uniformly in . Each sum-

mand is bounded from above by Cym2, /n = O(n~/?). Hence (S.42) and
the uniformity in [ follow from the Bernstein inequality.

Proof of Lemma 2. We can verify the result on n_lhlgykl by using the local
property of the B-spline basis and the Bernstein inequality for independent
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bounded random variables. Since

(H12 — Hyp) = ZXT{E - )% W,
4= ZXT{ZJ (i - Z)= 7 (® - ) W,

the desired result on n_l(ﬁmkl — hig ) follows from (S.38), (S.39), and
(S.42). The results on the Euclidean norm follow from those on the ele-
ments. Hence the proof is complete.

Proof of Lemma 3. We have from Assumption A4 that

Cl T 02 T
44 — E W W, < H < —= E W, W,
(S ) n gt m; 22 n P Y ; ¥¥ g

for some positive constants C7 and Cy and for £ =0, 1,

L 7w?m:%2%2<2 Z}) ® (B(Ty;) BY (Ty)).

i=1 "1 i=1

Thus the first result follows from Assumptions A2 and A3 and the standard
arguments on B-spline bases as in the proofs of Lemmas A.1 and A.2 of [S2].
Since we have

(H22 — Hyp) = Z w7z - )5 w,
1 = P A~
DN whiis s, -s)H)s (- aw
+nzf{ ( )2 ( )z W,

the second result follows from (S.40), the inequalities similar to (S.44), and
Assumptions A2 and A3. The third result follows from the first and second
results. Finally we deal with the fourth result. Note that

(S.45)  (n ' Ha) ™' — (n 1 Hyy) !
= (n"'Hy) '(n " Hay — n ' Hayo)(n " Hayp) ™
—i—(n_lﬁQz)_l(n_le — n_lﬁm)
X (" Hayo) H(n ' Hoy — 0 Hao)(n Hay) ™!
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By using the first, second, and third results and (S.45), we obtain the fourth
one. Hence the proof is complete.

Proof of Lemma 4. The first result follows from (S.40). The second one
follows from Lemmas 2 and 3. The last one follows from the first two.

Proof of Lemma 5. The first result follows from the fact

1 _ Cs ¢
2:»WW<n;wﬁwW¢ﬁ??ﬂwi

for some positive constants C7 and Cs. Next note that
1 « -
(S.46) —=» WIHE Y=, -Z)= g
Vi 2
1 & -
— ZE?{Efl(Ei - 3)%
n ;
ZWT{E (i - 2274 - )2 e

By employing (S.39) and (S.43), we can prove the stochastic order of the
elements of the second term of the right-hand side is uniformly

Op(VnK, ' (hy + hs +logn/(nhs) +logn/(nh3))).
Thus the norm of this gK,,-dimensional vector has the stochastic order of

i
Ky

logn log n)

A4
(S 7) nhg + nh%

Oy (3 + b3 +

According to Proposition 4, the first term of the right-hand side of (S.46)
can be decomposed into

1 <& 1 < 1 <
S.48 — D WIQue, + —=> WIQue+—=> WQse,
S48 52 S S

where @1; corresponds to the first and second terms in (S.41), Q2; corre-
sponds to the third and fourth terms in (S.41), and @3; corresponds to the
fifth term in (S.41). Proposition 4 implies

Qi = Qg)hg + Qﬁ’)h%,
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where we have for s = 2, 3,
meaxc{ Amin QW) Amax(Q)) [} = O(m)

uniformly in 7. Besides Qg‘z) depends only on T; for s = 2,3. The (k,I)
element of (J2; has the form of

m;
> oo Bi(Ty) + Y ool By(Tyy, Tiyr),
j=1 J#5’

where Zi_l = (Jfl). Note that uniformly in [ and 7,

m;

> (@) =0().

k=1

Uniformly in 4, the elements of Q3;, Dl@ in (S.41), have the order of

logn logn log n)

.0 (h3 3+ 3
miCp L+ e 3+nh1 nhg nh%

We can prove as in the proof of Lemma 3 that for s = 2, 3,

C . s C
fquKn < COV(Tfl/2 ZE?QEZ)Q) < %IqKn
n i1 n

for some positive constants C7 and Cs. Hence we have

(S.49) ’n_l/z Y WIQuig| = Op(h3 + h3).

=1

Similarly to the second term in the right-hand side of (S.46), we can demon-

strate by using (S.43) that
n logn logn logn
— /7O (P+h3+h3 ).
K, p\Mthe st nh + nho + nh%

Finally we evaluate the second term of (S.48) and it has a structure of V-
statistics. By exploiting the structure, we evaluate the expectations and the
variances of the elements by using Assumption A2. Then we have

(S.50) ‘n_l/Q iﬂ?Q&g
i=1

—O( 1 n 1 n 1 n 1 )
"\Vnhy © \/nh}  VnKghy  VnKgh3/

n
’n—1/2 g WIQaie,
=1
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The second result follows from (S.47), (S.49), (S.50), and the above equality.

Proof of Lemma 6. This lemma can be proved in the same way as Lemma
5 and the details are omitted.

Proof of Lemma 7. From the definition of v* given after (5.6), we have

max (Wi = Ziigo(Ty)| = Op(K,.”)

uniformly in 7. The above equality and (S.42) imply that the elements of
1< _ .
LS WIS (W - (27g0))
i=1

is uniformly O,(K,,?) and the first result follows from this. As for the second
result, first we note that

27— 27 nax = Op(mid,)

uniformly in i from (8.38) and (S.39). Recall that 0p, is defined in (S.37). Thus
the elements of W7 (3, ! — =7 1) (W,v* — (ZTgo)i) are bounded uniformly
in [ by

m;
CK;QEWLZQ Z ‘Wijl|
j=1
with probability tending to 1 for some positive constant C'. Hence the second
result follows from (S.42).

Proof of Lemma 8. This lemma can be proved in the same way as Lemma
7 and the details are omitted.

S.4. Results for general link functions. We state the results of Sec-
tion 2 for general link functions when m; is uniformly bounded and ¢; satis-
fies the sub-Gaussian assumption, Assumption A6’ here. Note that we have
no counterpart of Theorem 1 for general link functions even when m; is
uniformly bounded.

Let v; and ve be two processes each taking a scalar stochastic value at
Tij,i=1,...,n,j=1,...,m;. Then we define two inner products of v; and
V2 by

1 _
(v1,09)5 = - > vhiA0 Vi Agivy; and (v1,v2)® = E{(v1,v2)5'},

=1
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where v;; and vy, are defined in the same way as 7'; and
Ao = diag (1 (X[ 80 + Z1g0(Th)), - ... W (X[ Bo + ZL,90(Tim,))) -
The associated norms are then defined by
ol = (o, 0))"? and [Jo]|® = (v, 0)%)'/2.

We now define the projections, with respect to || - ||, of the kth element of
X onto ZTG and ZTGp by

[AXy = argmln | X, — ZTg||® and IIa, X} = arggln | X, — ZTg|?,
9e€Gp

where

n
%6~ 279 = T (2"9))" DV, MoK — (279) )},
1= 1
with sz: = (Xilka s >Ximik)T and ( g)i - (Zzlg(T ) SRR Z;I;nlg(sz))
We denote these projections by ¢, = HHaXy and @a, = IIa, Xy, and
define another one by

ek = Han Xy,

where R
IAn Xy = argmin || Xy, — ZTgHﬁ.
geGp

The arguments in Section 5.2 also apply to this ¢’ ;.
Some matrices are necessary to present Proposition S.1 and we define
them here. Let

T (T X7 AV AaX, Y X AoV Ap W,
Z’L IWTAOZV 1A0i5i Z,?ZlﬂerOi‘/;‘ilAUiEi

H11 Hy,
— (say),
H, Hy
H11.2:H11—H12ﬁ2*21ﬁ21, and H'" = (an)

Let Qy,, be a p x p matrix whose (k,1)th element is

sz{ Xy~ (27080 B0V Aai(Xy — (276, }
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Note that ’I’L_lﬁn.g is an estimate of SN)Vn. We assume that there exists a
p X p positive definite matrix €y such that

(S.51) lim Qy, = Q.
n—oo
We present Propositions S.1-S.3 before stating the assumptions for these
propositions. By using Lemma S.1 we can prove Proposition S.1 based on
the same arguments as those in [4].

PROPOSITION S.1.  (Asymptotic normality of BV) Under Assumption S
in Section 2 for the norm here, (S.51), and Assumptions A1', A2, A3, A4,
A5, and A6, we have

~ —_ _ 1
Bv = By + H" Z(XZ ~ W, H 3, Ho )" AV e, + Op(ﬁ)-
i1

We also have

T, 2(Bv — Bo) 5 N(0, L),

where 'y is

n
H'" Y { (X~ W Hy Hot) " A0V, S0V, Moy X~ W, Hay Hoy) pHY.
i=1
We give in Proposition S.2 the semiparametric efficiency bound for esti-
mation of By. It can be proved in the same way as Lemma 1 of [4] and the

proof is omitted. We denote the semiparametric efficient score function of 3
by

Tx (7% 7% \T

lg=(lg1,---515)
Its expression is given in Proposition S.2. When V; = X;, we denote ¢} (%)
by ‘Pfo,k(t)-

PROPOSITION S.2. (Semiparametric efficiency bound) Under the same

assumptions as in Proposition S.1, we have

n

= (X = (Z7 @k 4) ) D0iZ MY, — p( X80 + (Z"g90) )},

)
=1

and the semiparametric efficient information matrix for B is given by

1 -~ - ~
lim —E{l5(15)"} = Qx with V; = X; in (S.51).

n—oo N
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Proposition S.3 is parallel to Proposition 3. It can be proved in the same
way as Corollary 1 of [4], and it also follows from Proposition S.1 and Lemma
S.1 (vii). Thus the proof is omitted.

PROPOSITION S.3.  (Oracle efficient estimator) Under the same assump-
tions as in Proposition S.1, we have with V; = %; in (2.2)

VO (Bs — Bo) S N(0, L.

Now we describe assumptions for the above propositions. Here we need
Assumption A6’ since we need some results from the empirical process the-
ory in dealing with general link functions.

Assumption A1l’.

(i) p(z) is twice continuously differentiable and inf,cp p/(x) > 0.
(ii) For some positive constant C'gg, we have limsup |p(z)|/|z|“?? < oc.
|z|—o00
Assumption A2’. The joint density functions fi;(t) and f;;;(s,t) are uni-
formly bounded and we have for some positive constants C'p; and Cpa,

1 n m;
CBl < EZZfZJ(t) < CBQ on [O, 1]

i=1 j=1

1 n
d Cp <~ - (s.8) < C 0, 1]2.
an Bl<n;§j,fﬂ(s ) < Cpo on [0,1]

Assumption A4’. For some positive constants Cgs and Cgg, we have uni-
formly in i,

CBS S )\min(zi) S )\max(zi) S CBG‘

Assumption A5’. For some positive constants Cg7 and Cpgg, we have uni-
formly in 4,
CB? S )\mln(‘/z) S )\max(‘/i) S C’B8-

Assumption A6’. For some positive constants Cgig and Cpi1, we have
uniformly in 7,

max CproE{exp(l¢;|*/Cp10) — 11X, Z;, T;} < Cpi1.

To prove Proposition S.1, we have only to proceed as in [3] by replacing
their Z;;, Z;, and @} (t) with W;;, W, and ZT %, (t), respectively. We just
state the relevant changes and remarks in the following:
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(i) Lemmas S.2-S.4 of [3]: We reorganize these lemmas in Lemma S.1 given
later. Tts (i)-(iii), (iv) and (vi) correspond to Lemma S.2, the latter
half of Lemma S.3 and Lemma S.4 of [3], respectively. The former half
of Lemma S.3 of [3] seems to be used in their Corollary 1. However, it
can be relaxed to (v) of Lemma S.1 here.

(ii) Lemma S.8 of [3]: The regressors X;; and W;; still form a VC class
and we can proceed completely in the same way as in [3].

We state Lemma S.1 in the following. It can be proved it in the same way
as Lemma 1.

LEMMA S.1. Assume that Assumptions A1, A2, A3, A4, A5 hold.
Then we have the following results.

(i) There are positive constants C1 and Cy such that
Cillgllee < 127g)1* < Callglla

for any g € G.
(ii) There are positive constants Cs and Cy such that

l911Z 00 < C3KullgllZ s < C1En(| 27 gl|*)?

for any g € Gp.
(iii) There is a positive constant Cs such that for any 3 € RP and g € Gp,

IXT8+ 2" gl < C5K,IXT B+ 27 g||%,

where ||v]|sc = max; ; |vij|. Besides we have for some positive constant

067 A
017 < Csllv]|oo-

(i)

(2791, 2" g2)7 — (27 g1, ZT92>A‘
= 0p(K,\/1 ,
01,020 127|227 go| 2 p(Kny/logn/n)

(v) For any positive constant M, we have
(Xj— Z7g;. Xi — Z"gi)y — (X — 279;. Xy~ Z7gi)" = 0,(1)

uniformly in g; € Gp and g, € Gp satisfying ng||G72 < M and
lgklla2 < M, respectively.



25

(vi) For any stochastic process 6, taking values at Tj; satisfying that ||y, ||oo
is uniformly bounded in n and {5n’ij}?@:i1 are mutually independent in
1, we have

(60 27 9)2 — (60, 2" g)
S [27g]5 | = OB )

(vit) We also have Assumption S for the norm here. Then we have for
k= 1L...,p, H@AkHOO = Op(l):

1Z7 (Par — @an)lly = 0p(1), and [|Z7(Par — @an)l® = 0p(1).
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1. Introduction. Suppose we have a scalar response Y, and two p-
dimensional and ¢-dimensional covariate vectors X and Z. Longitudinal
data consist of (YZ],XU,Z”,T )i = 1,...,n,5 = 1,...,m;, where Yj;,
Xij = (Xijl,...,pr) and Z;; = (Zijl,...,Zijq)T are respectively the
values of Y, X and Z of the ith subject at the jth observation time T;; €
[0, 1]. Such kind of data are commonly acquired for various purposes, such
as evidence based knowledge discovery and empirical study, in a wide range
of subject areas. When the subjects are changed to clusters and the Tj;’s are
observations on some index variable other than time, they are usually called
clustered data. We assume that all the covariates are uniformly bounded for
technical reasons. Besides, we let Z;;1 = 1 and suppose X;; has no constant
element for all ¢ and j.

Fori=1,...,n, denote
X,

1

- (Xi17 L ?Ximi)Ta Z'L - (Zila Tty Z’Lml)T7 a'nd Iz - (ﬂl? o 7ﬂmz)T

A popular model for longitudinal data analysis is the semivarying coefficient
model, which is specified by

(1'1) E(Yij|Xi]aZzgaTmaX Z T)
:E(Y%j’XiJ’ZwaT ) = p( ijﬁ"f'Zg;'Q(Tij)) = Hij,

where AT stands for the transpose of a matrix A. In model (1.1), u(x) is a
known strictly increasing smooth link function, 3 is an unknown regression
coefficient vector, and g(t) = (gl(t),...,gq(t))T is a vector of unknown
smooth functions. Define

(12) € = (Eila o >€imi)T - X - H,L ) and El - Var(ﬁi‘&ivgiazi)a

1

where Y, = (Yi1, ..., Yim,)?, B = (fity - s fim;) T, and X; is an m; x m;
positive definite matrix depending on X,, Z,, and IT;, ¢ = 1,...,n. This is
a standard marginal model in longitudinal data analysis [24].

Model (1.1) consists of a parametric component, which provides informa-
tion on the constant impacts of some important covariates, and a nonpara-
metric component which captures the dynamic impacts of the other covari-
ates. In this way the model is able to reflect unknown nonlinear structures in
the data while retaining similar interpretability as the classical linear models
at the same time. There is an extensive literature on the variable selection,
structure identification, estimation, and inference issues [6, 8, 12, 22, 25].
In particular, often of primary interest is to have access to the parametric
component while the nonparametric component is viewed as the nuisance
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part. In this regard, it is well known that assuming independence or some
mis-specified working covariance structure yields less efficient estimation of
the constant coefficients. Therefore, a substantial portion of the existing lit-
erature aimed at improving the efficiency via modeling and estimating the
within-subject covariance structure [6, 7, 10, 18, 26, 27, 28|, which is itself
a challenging task.

In this article, we focus on the identity link function and make contribu-
tions to the efficient estimation problem for model (1.1) in three directions.
First, we allow some of the m;’s to tend to infinity. As far as we know,
this setup has not been treated before and the problem is nontrivial. Our
results also hold when the m;’s are uniformly bounded and ¢; satisfies the
sub-Gaussian property. See the supplement [5] for the details. When all of
the m;’s are diverging, that is, if we have densely observed data, it becomes
a kind of functional data problem and is out of the scope of this paper.
Second, we study explicit expression of the semiparametric efficiency bound
for estimation of B and asymptotic normality of the generalized estimat-
ing equations (GEE) spline estimator under general covariance structures
and error distributions. Using the true covariance matrices in the GEE es-
timation leads to optimality among all GEE estimators of the parametric
component. Furthermore, it achieves the semiparametric efficiency bound
when the errors are conditionally normal. Our results are in parallel to that
for partially linear and partially linear additive models given by [13] and
[4] respectively. Those models are among a rich variety of semiparametric
ways of modeling longitudinal data, and they differ from semivarying coef-
ficient models in that their nonparametric components admit more direct
additive expressions. Partially linear (additive) models were also considered
by [14, 15, 16, 17, 23], among which [14, 15, 16, 23] used kernel method and
[17] used spline estimation.

Our third contribution is to deal with adaptive efficient estimation when
the within-subject covariance matrices are estimated nonparametrically us-
ing the data at hand. Notice that [4] ignored this practical issue and did
not consider estimation of the covariances, and [13] suggested using some
parametric specification which can be estimated /n-consistently. We con-
sider the case where the nonparametric within-subject covariance matrices
depend only on the observation times but not on the other covariates. Such
assumptions are reasonable because we do not assume that the observation
times are regular across different subjects or they are dense. Indeed, with
irregular and/or sparse observation times, estimating the covariances in a
completely nonparametric way, by letting them to be dependent on all of
the T;;, X;; and Z;; nonparametrically, is particularly problematic and even
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unreliable as the curse-of-dimensionality problem arises. Our covariance es-
timator is constructed based on residuals yielded by an initial estimation.
The final estimator of the true value of 3 is then given by plugging-in the
covariance estimates to the GEE spline estimation. We show the asymptotic
equivalence of our final estimator to the oracle efficient estimator which uses
the true covariance matrices in the GEE spline estimation.

The above result is partly motivated by the study of [14] on efficient esti-
mation in partially linear models under the same nonparametric covariance
structure. However, the kernel profile method taken by [14] involves only
local linear regression, thus, to achieve semiparametric efficiency it requires
some complicated iterative backfitting calculation except for the identity link
function [15, 16]. By comparison, our approach to estimating the parametric
and nonparametric components in the mean function is different and much
simpler. We ingeniously use both spline approximation and local linear es-
timation to avoid complicated calculation while allowing for the asymptotic
equivalence property at the same time. To the best of our knowledge, there
are no existing results for semivarying coefficient models, especially when
some of the m;’s tend to infinity or when the X¥;s are estimated.

Our final estimator is some kind of feasible generalized least squares
(FGLS) estimator since we replace the within-subject covariance matrices
with their nonparametric estimates. Even if our assumption on the covari-
ance matrices fails to hold, it still possesses the asymptotic normality under
mild conditions and still makes use of some information of the covariance
matrices. For example, if the covariances depend on some time-dependent
covariates, to some extent such effects are still captured by our method.
In this sense, compared with existing methods which use either parametri-
cally estimated or some ad-hoc covariance matrices [7, 18, 21], our approach
is more adaptive to the unknown covariance matrices. A promising cluster
bootstrap inference method was proposed by [2]; it assumes some parametric
within-cluster covariance structure, however. In the case where there is one
observation for each subject/cluster, our assumption on the covariance ma-
trices reduces to that of [20], which also suggested to improve the efficiency
in a similar manner.

Our simulation study shows that numerically the proposed method out-
performs the working independence approach and the quadratic inference
functions (QIF) method by [18], and it behaves close to the oracle estimator
which uses the true covariance matrices. Note that, while the QIF procedure
is suitable when there is some kind of regularity and stationarity in the er-
ror process, our procedure adapts to both non-stationarity and irregularity.
We also applied our method to the CD4 count dataset and identified some
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interesting new effects not detected by the working independence approach.

After the semiparametric efficient estimation, we can estimate and make
inference on the nonparametric component in the same way as in dealing
with varying coefficient models, using the difference between the response
and the estimated parametric part [25]. When p and ¢ are both diverg-
ing and the model is sparse, [6] suggested a simultaneous variable selection
and structure identification procedure and showed its consistency property.
By combining the method with the proposed estimation procedure and by
putting together the corresponding consistency and efficiency results, we
have an efficient estimation procedure in this case.

The organization of this paper is as follows. In Section 2 we derive the
semiparametric efficiency bound for the constant coefficient vector 8 and
asymptotic normality of GEE spline estimators. In Section 3, we propose
an efficient estimator of 3 when the errors have some general covariance
structure and state its asymptotic equivalence to the oracle estimator which
assumes the covariance matrices are known. Section 4 summarizes and dis-
cusses results of our simulation and empirical studies used to assess numeri-
cal performance of the proposed efficient estimator. Section 5 contains some
technical assumptions and proof of the asymptotic equivalence. Placed in
the supplementary material [5] are proofs of the other theoretical results,
some lemmas, and results when the m;’s are uniformly bounded.

2. Semiparametric efficient estimation of 3. In this section, Vjis a
given inverse weight matrix depending only on X, Z,, and T';,, i =1,...,n.
We use a K,-dimensional equispaced B-spline basis on [0,1], denoted by
B(t), to approximate the function g(t). See [19] for the definition and prop-
erties of B-spline bases. We set

where ® is the Kronecker product, and denote the true values of 8 and
g(t) by Bo and go(t) = (go1(t),- ., goq(t))T respectively. Then we estimate
Bo and go(t) by minimizing with respect to 8 and - simultaneously the
following objective function:

n

(2.1) Z(Xz — X8+ W) VY, — p( X8+ W),

=1
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where v € R and the j th element of (X ;84 W) is ,u(Xi:gB+VV;§7).
Thus the generalized estimating equations are

ZXiTAinl(Xi —u(X;8+W,v)) =0,
i=1

(2.2) and > WAV Y, — u(X,8+W;y)) =0,
=1

where A; is an m; x m; diagonal matrix defined by

A; = diag(/ (X B+ W), ... . W (XL,. B+ Wik 7).

Denote the solution to (2.2) by By and w =G, ﬁg’v)T. Then the
GEE spline estimator with weight matrices Vfl, i=1,...,n, for By is BV
and that for go(t) is (35, B(?),...,75B(t))".

Hereafter we focus on the identity link function and present the asymp-
totic normality of BV in Proposition 1 under general error distributions as
specified in Assumption A6 given in Section 5. We allow some of the m;’s
to diverge in a way like

Zm5 =O0(n) and max m; = O(n'/®).

; ! 1<i<n
=1

See Assumptions Al and A2 for the specific conditions on the m;’s. We refer
to the supplement [5] for the results for general link functions when the m;’s
are uniformly bounded and the ¢;’s satisfy the sub-Gaussian property.
First, we introduce some function spaces, inner products and projections.
Let Ly denote the space of square integrable functions on [0, 1] and recall
B(t) is the equispaced B-spline basis on [0, 1]. We define two function spaces:

G:{(glv"')gq)T‘gjGLQ)jzlv"'vq}7
and Gp ={(B"v,....,B")" [y = (" ,....,7)" eR""}.

Note that Gg C G. Next, let v; and vy be two stochastic processes each
taking scalar values at Tj;, i = 1,...,n, j = 1,...,m;. Then we define two
inner products of v; and ve by

1 & _
(vrv2)y = =3 ofiVi g and (o en)Y = B{(vn,v2),),

i=1
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where v,; and v,; are defined in the same way as T;, and we define the
associated norms by [[v]|Y = ((v,v)Y)Y/? and ||v||V = ((v,v)v)1/2. The pro-
jections, with respect to || - ||V, of the kth element of X onto ZTG and
ZTGp are given by

(2.3) Iy Xy, = argmln | X, — Z%g|]" and Iy, X} = argmin || X, — Z7g||",
€G 9€Gp

where || X, — Z7g||" = 1E{zz (X — (279))V (X — (279)) ),

with Xy, = (X, -, Xomre)" and (Z27g). = (Z}9(Tha), .- ., Z},,.9(Tim,))-
Hereafter we write

ey =y X € G and @y =y, X € Gp.

Assumption S

(i) The projections ¢y, (t), k = 1,...,p, and the varying coefficient func-
tion go are twice continuously differentiable on [0, 1], and they and
their second order derivatives are uniformly bounded in n.

(i) We take K,, = |cxn'/®] for some positive constant cf, where |z is
the largest integer no greater than x.

Assumption S(i) is a mild and standard assumption for semiparamet-
ric models. We consider the existence and smoothness properties of 3, (t)
in Section 5. Recall that all the covariates are assumed to be uniformly
bounded. Since the relevant functions are assumed to be at least twice con-
tinuously differentiable, we recommend quadratic or cubic spline approxima-
tion. Then the order of K,, specified in Assumption S(ii) is optimal. If the
smoothness of different functions varies, we refer to [1] for the convergence
rate interfere phenomenon.

The following matrices are necessary in order to present asymptotic nor-
mality of By:

H = Z?:lX,ZTV 1X Zz 1XTV 1W
A\ LWl 1Xz S WIVTIW,

Hy, H12>
2.4 = say),
2.4 () )
Hiy9=Hy — HipHyy Hyy, and H'Y = (Hyppo)™!
Let Qvy,, be a p x p matrix whose (k,[)th element is

(X — ZT‘Pﬂ{/ka Xi—Z%ey)"

*Z {&a = 2701V X~ (270}
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Note that n~1Hjj.5 is an estimate of Qy,,. We assume that there exists a
p X p positive definite matrix 2y such that
(2.5) lim Qy, = Qy.
n—oo
Now we are ready to state the asymptotic normality of ,@V under general
error distributions as specified in Assumption A6 given in Section 5. Its
proof is given in the supplement [5]. We denote the normal distribution with

mean 7 and covariance 2 by N(n,Q), and by «4» e mean convergence in
distribution. Let I; be the I-dimensional identity matrix.

PROPOSITION 1. (Asymptotic normality of BV) Under Assumption S,
(2.5), and Assumptions A1-6 given in Section 5, we have

~ n 3 3 1
Bv = Bo + H" ;(Xz - EiHQQIHm)T‘/i 1§z' + 0p<%>~

We also have s~ .
I, (By — Bo) 4 N(0, ),
where I'y is given by

(2.6) H'_ {(X;~ W, Hy) Ho) "V, SV, (X~ W, Hy) Hoy) [ H'.
=1

Under (2.5), By is /n-consistent for By. We can estimate its asymptotic
covariance 'y given in (2.6) by replacing the ¥;’s with some estimates based
on By and Ay, for example, we can replace X; with EZE;TF where

&=Y,~ X{Bv - W3y

)

However, this approach may be too crude and it does not make use of
the common information on the covariance structure contained in differ-
ent subjects. Alternatively, we can estimate the 3;’s by applying smoothing
techniques to some residuals based on some assumption on the covariance
structure. We investigate this problem in Section 3.

Next, Proposition 2 gives the semiparametric efficiency bound for estima-
tion of By. It can be proved in almost the same way as in Section 4.4 of [13]
and Lemma 1 of [4] and the proof is omitted. We denote the semiparametric
efficient score function of 3 by

* * * \T
lﬂz(lﬁl77lﬂp) .

Its expression is given in Proposition 2. Then we denote @5, (t) by ¢ 1. (t)
when V; = ¥, in (2.1).
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PROPOSITION 2.  (Semiparametric efficiency bound) Under the same as-
sumptions as in Proposition 1, we have

n

gk = Z(Xik —(Z7 @t s0) ) ETHY, - XT B0 — (ZTQO)Z},

%
=1

and the semiparametric efficient information matrix for B is given by
. 1 * gk T\ __ . _ .
nh_}ngo EE{lﬁ(lﬁ) } = Qs with V; = X; in (2.5).

Proposition 3 gives the asymptotic normality of Bg, the so called oracle
estimator, which uses the true covariance structure in the GEE spline regres-
sion. It also asserts that Bs achieves the semiparametric efficiency bound
derived from Proposition 2. The proof is given in the supplement [5].

PROPOSITION 3.  (Oracle efficient estimator) If we take V; = 3; in (2.2)
then, under the same assumptions as in Proposition 1, we have

Vi QY2 (Bs — Bo) 5 N(0, I,).

In practice, usually the 3;’s are unknown and we have no direct access
to the semiparametric efficient score function or the oracle estimator. In the
next section we study nonparametric estimation of the covariances so as to
improve the efficiency.

3. Efficient estimation of 3. The semiparametric efficiency bound of
3 given in Proposition 2 indicates that knowledge, or at least estimation, of
the X;’s is necessary in order to construct a semiparametric efficient estima-
tor. On the other hand, as discussed in the Introduction, when the 3;’s are
unknown it is almost impossible to estimate them in a fully nonparametric
way. Fortunately, for longitudinal or clustered data sets, it is reasonable to
make some assumptions such as

(3.1) 2 =%(T,), i=1,...,n,

where the (j, j)th element of ; is given by 02(T;;) and the (j, j/)th element is
given by o(T;;, T;;:) when j # j', for some smooth functions o%(¢) and o (s, t).
Based on (3.1), in Section 3.1 we construct nonparametric estimates of the
covariances and then use them to derive an FGLS procedure to improve
the efficiency, and we show in Section 3.2 its asymptotic equivalence to the
oracle estimator Ox.
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3.1. Methodology. A preliminary estimation of By and gy is necessary
before we can estimate the covariances. For simplicity and robustness, we
utilize working independence in the GEE spline estimation. As noted fol-
lowing Proposition 1 we could then use the resultant residuals to estimate
the covariance matrices directly. However it is intuitively better to further
make use of the covariance structure (3.1) by applying some nonparametric
smoothing techniques to the residuals. In addition, alternative to the spline
estimator, we could apply smoothing techniques to the pseudo responses

- X ;TF,BV to obtain another estimator of gg. We take this latter approach
for technical and numerical reasons given in Remark 1. After the preliminary
estimation, for each ¢ = 1,...,n, we estimate 3; by applying local linear
regression and denote the resultant estimate by >N Our final estimator of
Bo, denoted by ,62, is then obtained by taking V; = Z,, i=1,...,n,in the
GEE spline estimation. Note that in the trivial case where my; is fixed for
all @ and the Tj;’s are equi-spaced, we can estimate X; without using any
smoothing techniques.

Let K be a given kernel function. Our covariance estimation procedure is
formally specified as follows:

Step 1. Estimate By by the GEE spline method given in Section 2 with
V,=1,,,i=1,...,n, and denote the resultant working independence
estimate by BI-

Step 2. Estimate go(t) by applying local linear regression to {}/Z'j—XZ;B[, 1=
1,....,n,5=1,... ,mi}, using bandwidth h;. We denote the resulting
estimate by g(t), which is written as

(3.2)
g(t) (Aln N]_hl ;JZE Z’U®( 1]t> ( hfl )(}/'U X’LJIBI)7

where Ny =>"" ,m;, Dy =1, ® (1 0), and

n m; T 1 Tij—t T —¢
h )
A1n(t) Nlhl E E (Z; Z Tt (Tijit)g K(ihl )

=1 j=1 hiy hi1

Step 3. Calculate the residuals, denoted as€;;,7 =1,...,nand j =1,...,m;,
by
/6\2] = YtL] ij/BI zgg(T )

Step 4. Estimate the variance function o2(t) by applying to the squared
residuals local linear regression with bandwidth hs. Denote the resul-
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—~

tant estimate by o2(t); it can be expressed as

(3.3)
n m; T‘i‘—t R
o2(t) = (10)(Agn(t) Nm;;(q ) < jhg >(€ij)2’
where

A th r(Li=t
2n(t NthZZ w*t (zy*t)2 ( ho )

i=1 j=1 h2
Step 5. Estimate the covariance function o (s, t) by applying to {€;€;;,j #
jli=1,... ,n} local linear regression with bandwidth hs. We denote

the resultant estimate by & (s, t); it has the following expression:

(3.4)

G(s,t) = (100)(Aszn(s, 1))

n
Tij—s Tiyj—s Tijr —t\ . o
e DX | | ()R (P e
— 7/ hs3 hs3 €i1cig
iA \ Tt
h3

where No = >"7" | m;(m; — 1) and

Agn(s, t)
! T T t
_ Tij—s ( Tyj—s Tijr— t) K( ij — S)K( iy
N2h2 zz: ; Ti??—t b hs hs3 hy /
J#] t

Step 6. Calculate iz by combining the results from steps 4 and 5 by letting
(4. 4") = (T, Ty )1 # §') + o*(Ti))1(G = §'),

and then estimate By with V; = EA]Z in the GEE (2.2). Denote the
resultant estimate of By by Bg.

In general the covariance function estimate o(s,t) given by step 5 may
not be positive semidefinite. We can modify it by truncating the eigenfunc-
tions in its spectral decomposition that have eigenvalues not exceeding some
nonnegative constant Ar. The we have positive definite covariance estimates
if we replace o (s,t) with this modified version in step 6.
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REMARK 1. When we calculate/ﬁ] in step 1, we also have y; and get
the set of residuals {€;; = Y;; — Xg;ﬂ] — VngAy]} Then we could omit steps
2 and 8 of our procedure by exploiting this set of residuals when we estimate
3, in steps 4-6. However, our simulation results summarized in Section 4
indicate that this simplified approach is inferior to the proposed one. Intu-
itively speaking, to achieve the semiparametric efficiency in the GEE spline
estimation of By, to some extent the accompanying estimation of go(t) re-
quires undersmoothing and thus it often exhibits spurious wiggling patterns.
Besides, it is difficult to justify theoretically this simplified approach as the

local property of spline estimators seems to be intractable.

3.2. Asymptotic equivalence. In this section we establish the asymptotic
equivalence between the data-driven estimator B and the oracle estima-
tor BE by exploiting some desirable properties of i, First, we specify our
assumptions on the smoothness of go(t), o2(t) and o(s,t). We need Assump-
tion B given below, which is more restrictive than usual, in order to evaluate
the difference between f];l and 2;1.

Assumption B.

(i) Assumption (3.1) holds.
(ii) The true varying coefficient function go(t) is three times continuously
differentiable on [0, 1].
(iii) The variance function o(t) is three times continuously differentiable
on [0, 1].
(iv) The covariance function o(s,t) is three times continuously differen-
tiable on [0, 1]%.

In the following we collect our assumptions on the kernel function K and
the three bandwidths used in the construction of the proposed estimator.
Assumption H(i) on K is a standard one. When Assumption B holds, our
assumptions on the bandwidths hi, hy and hgz are not restrictive. For ex-
ample, the optimal order of hy and hs is n~ /% which falls into the specified
range. A larger order is recommended only for hs due to the two-dimensional
smoothing in step 5. However, since the actual number of observations in
local linear regression in step 5 of the above procedure is No we anticipate
that bandwidth choice will not seriously affect the performance of our final
estimator.

Assumption H.

(i) The kernel function K is some continuously differentiable symmetric
density function with a compact support.
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(ii) The bandwidths hq, hy and hg satisfy hy = ¢yn~ for some 1/6 <
ap < 1/4, hg = con™ for some 1/6 < b, < 1/4 and h3 = c3n~° for
some 1/6 < ¢, < 1/4, where ¢1, ¢o and c3 are some positive constants.

The asymptotic expression of s, s given in Proposition 4, which is verified
in the supplementary material [5]. Note that we need more elaborate repre-
sentations than those used by [14] since we deal with a (p+¢K,)-dimensional
linear regression model. Note also that the functions Bj, j = 1,...,4, that
appear in Proposition 4 are implicitly defined in the proof of the proposition
and only their boundedness property is needed in the proof of Theorem 1.

PROPOSITION 4. (Representations of the covariance estimators) Under
the assumptions in Proposition 1 with V; = I,,,,, and Assumptions B and H,

we have the following representations of o2(t) and o(s,t). Uniformly in t,

N logn logn
o2(t) — 0%(t) = Br(t)h3 + Ba(t) Er() + Op(i + 1) + Op (5 + 57

where

Tij—t
Nth ZZ ( L= ) (TQ)(G?J' —o*(Ty))

=1 j=1

logn . .
= Op<1 / Thg) uniformly in t,

and B1(t) and Ba(t) are bounded functions. Uniformly in s and t (s # t),

(s, t) — a(s,t) = Bs(s,t)h3 + Ba(s, t) Ex(s,t) + Op(h}) + O, (?5:)

+0,(h3) +0 (log”)

h2
where
! T T, t
Tos g L
Eo(s,1) Biy—s K( Y )K( i ) g€y — o (Tiy, Ty
(s, N2 Noh2 ZZ s, hs h3 (eijeijr — o(Tij, Tiyr))
i=1 j#j’ e

/1
= Op( %) unt formly in s and t,
3

and B3(s,t) and By(s,t) are bounded functions.
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We state in Theorem 1 the desirable equivalence property of Bf; to the
oracle estimator. The proof uses Proposition 4; it is tedious and technical
and thus is postponed to Section 5.4. We have not yet obtained a similar
result for general link functions even when the m;’s are uniformly bounded,
and that is a future research topic.

THEOREM 1. Under the assumptions in Proposition 4, we have
Bs = Ps + op(n~Y?).

Note that even if (3.1) fails to hold, we still have the asymptotic equiv-
alence in Theorem 1 and the asymptotic normality in Proposition 1 with
V; = Var(e; | T;) when Var(e; | T,) is represented by o2(t) and o(s,t). We
are still exploiting some information on ;.

Besides, we can replace the three times continuously differentiability with
the twice continuously differentiability and the Hoélder continuity of the sec-
ond derivatives of order aj, oy, and as in assumptions B(ii), B(iii), and
B(iv), respectively. In this case, the bandwidths in steps 2, 4, and 5 of our
method have to satisfy the condition

V(R 4 patez 4op2tes)y .

Note that ag must be positive because step 5 of our procedure requires two-
dimensional smoothing. Then we can prove similar results when 0 < a; < 1,
0<ay<1,and 0 < ag < 1. Specifically, the Op(hﬁ) terms in Proposition 4

will be replaced by Op(h32.+aj), j=1,2,3.

REMARK 2. In Proposition 2, no assumptions on the structure of the
Xi’s or the conditional normality of the €;’s is imposed. However, as men-
tioned before it is difficult to estimate the 3;’s in a fully nonparametric
way and thus we impose assumption (3.1). On the other hand, when (3.1)
holds, we should use this information in calculating the semiparametric ef-
ficient score function. Unfortunately, under gemeral errors this task seems
intractable and we have no results in this regard. Nevertheless, when (3.1)
and some regularity conditions hold, we come up with some remedies to
improve the efficiency, as compared to using some (arbitrary) working co-
variance structure. Indeed, By, has the smallest asymptotic variance among

all BV in this case, based on Propositions 1-3, Theorem 1, and the fact that
it is an FGLS estimator. Furthermore, it is semiparametric efficient when

€; s normally distributed conditionally on X,;, Z;, and T';, as discussed in

A.1 of [23].
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4. Numerical studies.

4.1. Simulation study. In our simulation study summarized in this sec-
tion, the data were generated from the following model:

with the first component of Z;; being taken as 1. The number of observation
time points in the ith subject was set as m; = mg + binomial(m,., 0.65).
Then the observation time points T;; were uniformly distributed over the
interval [(j —1)/(mo+m;), j/(mo+m,)], j =1,--- ,m;. We note that when
m; = mg + m,, the subject is observed at all follow-up time points; when
m; < mg + m,, the subject may be lost to follow up. This setup is intended
to model real and more complicated scenarios that often happen in practice.
We set mg = 6 and m,, = 6. We generated the other (p+ g — 1)—dimensional
covariates from a multivariate Gaussian distribution, and we considered the
following coeflicients settings:

b= 47 q= 47 /60 = (57 57 _5, —5)T and
go(t) = (3.5sin(27t), 5(1—1)%, 3.5(exp(—(3t—1)?) +exp(— (4t —3)?)) —
1.5,3.5t1/2)".

The random error process ¢;(t) was simulated from an ARMA(1, 1) Gaussian
process with mean zero and covariance function cov(e;(s), €;(t)) = wpl*~*.
We set w = 4.95 and considered p = 0.4 or 0.8.

We considered two types of working covariance structure: working inde-
pendence covariances (under the column “Independent”) and the proposed
covariance estimates (under the column “Efficient”). For the sake of compar-
ison, we also considered the true covariances (under the column “Oracle”).
In addition, we considered using the covariance estimator with the crude
raw residuals obtained from Step 1 and omitting Steps 2 and 3 (under the
column “Crude”). Finally, we note that we adjusted the covariance function
o(s,t) by setting all negative eigenvalues to be zero. We also considered
a strictly positive threshold A, = 0.05 and set all eigenvalues lower than
AL to be zero. The estimator using this covariance estimate is denoted by
“Positive.”

Throughout the numerical studies, following [9], we used cubic splines and
took the spline dimension K, as K,, = [2n'/®|. We report in Table 1 the av-
erage estimation bias and estimated standard error (SE) obtained from 200
repetitions. The empirical standard errors are very close to the estimated
standard errors and thus are omitted. In general, the efficient estimator could
yield smaller estimation bias and variance, compared to the naive estimator
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assuming working independence. In particular, the standard error for the
efficient estimator is only 20 ~ 50% of that of the working independence
estimator, indicating a remarkable reduction. In addition, we note that the
efficient estimator has very similar performance to that of the oracle esti-
mator. Regarding the crude estimator, as it is based on a simplified residual
construction it produces relatively less accurate covariance estimation. Thus,
its estimation bias and standard error are respectively larger than that for
the efficient estimator. The positive estimator includes an adjustment when
estimating the covariance function by setting eigenvalues lower than a posi-
tive cut-off to be zero while the efficient estimator only adjusts the negative
eigenvalues. Therefore, it is slightly more biased than the efficient estimator.
In all the considered cases, the crude and positive estimators are still more
efficient than the naive working independence estimator.

There are also other methods based on estimating equations in the lit-
erature. We specifically considered the one based on quadratic inference
function (QIF) [18] in which, to incorporate the longitudinal dependence,
the correlation matrix is approximated using a matrix expansion. We fol-
lowed all the settings specified in [18] to implement this approach, and we set
any negative eigenvalue to zero whenever it occurred. From the numerical
results summarized in in Table 1, we notice that this approach is more effi-
cient than the estimator assuming working independence but is less efficient
than our proposed method. The QIF approach indirectly models the corre-
lations using some matrix approximation while our method directly models
the covariances. Therefore our method may incorporate a more accurate
covariance structure in the estimation and thus achieving better efficiency.

In all the numerical analysis, h; and hg were selected via the commonly
used leave-one-subject-out cross-validation. The bandwidth hz used in the
estimation of the covariance structure were selected to be larger than the
bandwidth used in estimating the regression coefficients. Under the column
“Efficient” we used h3 = 2hy in all simulations. To examine effects of the
bandwidth choice, we considered various choices of h3 in the numerical stud-
ies and obtained quite similar results. Under the column “Different hs”, we
report the results for another case where hg = 1.5h1, which are similar to
those obtained when hs = 2h;.

Our procedure does not require any iteration. In practice it may be inter-
esting to refine the estimation of coefficients and covariances using iterations
and obtain a final estimation upon convergence. We report the numerical
results under the “Iterative” column. The bias and SE are very close to those
obtained without iteration (under the “efficient” column).
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We next considered the situation where m; might diverge for some sub-
jects i. We randomly selected ng = Cn3/® subjects such that their observa-
tion points are Bn'/8m; equally spaced on [0,1] and we let the ramaining
n — ng subjects to have m; observations, where m; was generated in the
same way as described above. All the other model settings are identical to
that in the previous simulation studies. For different values of B and C, we
obtained the results given in Table 2. We notice that all the considered es-
timators improve with relatively smaller biases and smaller standard errors
as compared with the respective bounded m; case. The efficient estimator
still performs much better than the independent estimator in all cases. We
did not experiment with the QIF method by [18] as it is not tailored for the
case of diverging m; and becomes relatively unstable in this case.

4.2. Real data example. We now present an application of our method to
the CD4 count data from the AIDS Clinical Trial Group 193A Study [11].
The data came from a randomized, double-blind study of AIDS patients
with CD4 counts of < 50 cells/mm3. The patients were randomized to one
of four treatments with roughly equal group sizes; each consisted of a daily
regimen of 600 mg of zidovudine. Treatment 1 is zidovudine alternating
monthly with 400 mg didanosine; Treatment 2 is zidovudine plus 225 mg of
zalcitabine; Treatment 3 is zidovudine plus 400 mg of didanosine; Treatment
4 is a triple therapy consisting of zidovudine plus 400 mg of didanosine plus
400 mg of nevirapine. Measurements of CD4 counts were scheduled to be
collected at baseline and at eight week intervals during the 40 weeks of follow-
up. However, the real observation times were unbalanced due to mistimed
measurements, skipped visits and dropouts. The number of measurements
of CD4 counts during the 40 weeks of follow-up varied from 1 to 9, with a
median of 4. The response variable was taken as the log-transformed CD4
counts, Y =log(CD4 counts + 1). There was also gender and baseline age
information about each patient. A total of 1309 patients were enrolled in the
study. We eliminated the 122 patients who dropped out immediately after
the baseline measurement.

We considered the following available covariates: treatments 2, 3 and 4
(coded by three indicator variables for treatment groups 2, 3 and 4, respec-
tively), age (years), sex (coded as 1 for male and 0 for female), and inter-
action effects between these covariates. Using the group SCAD structure
identification procedure of Cheng et al. (2014), we found that the coeffi-
cients for treatment 3, treatment 4 and the interaction between treatment 2
and sex are varying, and the coefficients given in Table 3 are constants. The
group SCAD procedure also suggested that we remove all the other interac-
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tion effects. The estimated varying intercept (i.e. effect of treatment 1) and
the varying coefficients are displayed in Figure 1 along with 95% confidence
intervals. The constant coefficient estimates and their estimated standard
errors are provided in Table 3. To facilitate a comparison, we reported the
results using the estimators assuming working independence and the efficient
estimator proposed in this paper. Let 8 = (87,47)T and U, = (X;, W,).
In practice, the variances for the efficient parameter estimates were obtained
from the first p diagonal elements of the following matrix:

Y rs-1p)
(;ulzz U

and for the working independence parameter estimates the variances were
obtained from the first p diagonal elements of the following matrix:

n

v S urso (S ury,) !
(> ulu) ZU@U@(ZIU%U%) .

=1 = 1=

TABLE 3
Estimation results for CD4 count data. “Independent” corresponds to using V; = Ip,;;
“Bfficient” refers to using V; = 3;; “Quadratic” refers to the QIF based method.

Independent Efficient Quadratic
Covariates  Coefficients SE Coefficients SE Coefficients SE
treatment 2 .3614 2257 .4038 2027  .3532 .1318
age .0946 .0274  .0818 .0245 .0882 0171
sex .1704 1768 .2246 1587 L1187 .1034
treatment 3:sex -.2922 2472 -.2908 2209 -.2625 .2485
treatment 4:sex -.5321 2416 -.5653 2146 -.5580 1574

Eyeballing the estimation results in Table 3, we note that the estimated
constant coefficients for treatment 2, age, and the interaction between treat-
ment 4 and sex are all quite significant. The constant coefficient estimates
for sex are not significant but are still kept in the model since we include
the interactions between treatments and sex. The efficient estimates for all
the constant and varying coefficients have smaller standard errors than the
respective estimates assuming working independence. In fact, the Wald test
statistic for the coefficient of treatment 2 is .3614/.2257 = 1.60 < 1.96 under
the working independence, failing to declare a significant difference. On the
other hand, the Wald test statistic for the same coefficient is .4038/.2027 =
1.99 > 1.96 from the efficient estimation, leading to a significant treatment
difference. Other than these, because the sample size in this study was rather
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Week Week

Fic 1. Estimated varying-coefficients along with 95% confidence intervals for the intercept
(upper left), treatment 3 (upper right), treatment 4 (lower left), and interaction between
treatment 2 and sex (lower right). The red curves are efficient estimators while the green
curves are estimators obtained under working independence.

large, the two types of estimates for all the constant and varying coefficients
appear to be very similar. For the sake of comparison, we also present the es-
timation results for these regression coefficients from the estimating equation
methods based on the QIF method [18]. The conclusions on the estimation
significance and effect direction remain the same as for the efficient estima-
tion while the magnitude of the estimated coefficients slightly differs. For
this particular dataset, sometimes the QIF estimator seems to have smaller
standard error than the efficient estimator. An explanation is that it choses
a covariance structure like compound symmetry in the matrix basis, thus
it will be more efficient than our estimator when this structure is plausible
(which is possibly the case here). Otherwise, it is generally not as good when
the covariance structure is mis-specified.

In general, the CD4 count tends to increase with age in the fitted model.
Our estimation results suggest that there exist interaction effects between
treatment and sex. Specifically, for the females (sex=0), subjects receiving
treatments 2, 3 and 4 tend to have increasingly higher CD4 counts than those
under treatment 1. The effect for treatment 2 (as compared with treatment
1) is estimated as a constant and is significant, while those for the other two
treatment groups are varying (the upper right and the lower left panels in
Figure 1) with even greater positive differences from treatment 1. For the
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Fic 2. Estimated treatment effects for the four treatment groups. The panels in the top,
middle and bottom rows are respectively the proposed efficient estimates, the estimates
assuming independence and the estimates based on the QIF method. The panels in the
left and right columns are respectively for the females and the males. Red, green, blue and
yellow curves are for treatment groups 1, 2, 8 and 4, respectively.

males (sex=1), subjects receiving treatments 2, 3 and 4 also tend to have
higher mean CD4 counts than those receiving treatment 1. The interaction
between treatment 2 and sex is varying over time (the lower right panel
in Figure 1) while those for treatments 3 and 4 are constant. The effects
of treatments 3 and 4 are significantly different from that of treatment 1,
judging from Table 3. Also, we notice that the differences between treatments
seem to be greater between the females than between the males.

The estimated effects of the four treatment groups are plotted in Figure
2 for the efficient estimator, the working independence estimator and the
QIF estimator. Note that treatment effects given by the efficient estimator
rarely cross each other, giving nice interpretation and ordering of the dif-
ferent treatments, whereas this is not the case for those given by the QIF
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or the working independence estimator. Previous authors identified a simi-
lar pattern on the order of magnitude of the time-varying treatment effects
[14]. However, they ignored the interactions between the treatments and sex.
Our findings suggest the treatment effect curves might be rather different
between the males and the females.

5. Proofs of the main results.

5.1. Additional assumptions and definitions. In this paper, we denote the
Euclidean norm of a vector a by |a|. Let Apin(A) and Apax(A) stand for the
minimum and maximum eigenvalues of a symmetric matrix A, respectively.
Besides, C, C1, Cs, ... are generic positive constants and the values may
vary from line to line.

We denote the density function of T3, i =1,...,nand j =1,--- ,m;, by
fij(t) and the joint density function of Tj; and Tj;r (j # j') by fijjr(s,t). In
Assumptions Al and A2, we consider sparse and irregular observation times.
Note that we carry out two-dimensional smoothing in step 5 and there are
three bandwidths involved in our method. Therefore we impose these restric-
tive assumptions to avoid complicated assumptions involving m;, mmax, and
the bandwidths simultaneously. Roughly speaking, these assumptions imply
we should have Y1, m? = O(n).

Assumption A1l. For some positive constant C 41, we have

n

Mmax = Max m; = O(n1/8) and E m; < Cain.
1<i<n 1
=

Assumption A2. The joint density functions f;;(t) and fj;;(s,t) are uni-
formly bounded and we have for some positive constant C 4o,

1 1. 1 & 1 4mi
O T i) < — m; ii(t) < Cao on [0,1], and

1 1 — 1 —
o < ﬁz Z fijjr(s,t) < - Zm? Z fijir(8,t) < Caz on [0,1]%

i=1 j#j5' i=1 A5
Assumption A3. For some positive constants C'43 and C44, we have uni-

formly in ¢ and j,

X, XL X,;ZL

< e < .
CASIp+q = E { <Z1JX3JZ ZijZijj> ‘ ng} > CA4Ip+q
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Assumption A4. For some positive constants C'45 and C 46, we have uni-
formly in 4,
CA5 < )\min(zi) < Amax(zi) < CAGmi .

Assumption A5. For some positive constants C'47 and C4g, we have uni-
formly in i,

Car < )\mln(‘/z) < )\max(‘/i) < Cygm;.

Assumption A6. For some positive constants C'49 and C'419, we have uni-
formly in ¢ and 7,

E{exp(Cagley]) | X, Z;, T;} < Caso.

Assumption A3 is a standard one and is necessary for identification of the
constant coefficients and the varying coefficient functions. When €, consists
of some stochastic process and i.i.d. errors, we have

E{QEZT | T} = E(T;) + 772177%7

where Z(T';) is positive definite. Hence we impose Assumptions A4 and A5
on V; and X;, respectively. In [4], it is assumed that ¢; has the sub-Gaussian
property in order to deal with general link functions. The sub-Gaussian
assumption prevents m,; from tending to infinity. Assumption A6, which is
less restrictive, is enough for the considered identity link function since we
do not need to employ any results from the empirical process theory in this
case.
For g = (g1,...,94)T € G, we define the sup and Ly norms by
q q 1
lallooe =3 st lay(0)] and lglo = [ e
j=1

=1 te[0,1]

Assumptions A2 and A3 imply there are positive constants C7 and Cy such
that

(5.1) Cillglez < 1127g]" < Callglle.

for any g € G. The details are given in Lemma 1. In (2.3), we define two
kinds of projections of Xj. We also define another one here by

(5.2) Pvi, = My, X,

where ﬁVnXk = argmin || X} — ZTQHZ'
geGp
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5.2. Spline approximation and projections. Now we consider the approx-
imation error by spline functions. Recall that we assume all the relevant func-
tions are at least twice continuously differentiable and that they and their
second order derivatives are uniformly bounded. Hence the sup norm of ap-
proximation errors by spline functions is bounded from above by Copproc K, 2
where Coppror depends on the relevant functions. See Corollary 6.26 of [19].

In the following we establish the existence and properties of the pro-
jections @3, k = 1,...,p. Note that (-,-)" and | - |V are defined on
{v] 22, E(vfj) < oo} and that {Z7Tg} is a closed linear subspace due to
(5.1). Therefore the projections 3, = (cp“{,kl,...,go*{/kq)T, k=1,...,p,
exist uniquely. Next, we set
(5.3) Vol = (v'?),

(2 (2
Note that @3, = Iy X}, defined in (2.3) satisfies
(Xp —Z"y Xy, ZTg)V =0 Vg e G.

By representing the above equality explicitly, we can derive the following
integral equations for ¢y, (t). For dy =1,...,q,

CONED SRS ESRURTICIGRE B DY Al e e

do=1 0 gy=1
where
n m;
d
at(i21)(t) = ZZE{ZUCQ v; ZZJCh ‘le t}fij(t)v
=1 j=1

1 & .
b (t) = EZ > EB{Xit]" Zigpay | Tijy = 1} fia (),

i=11<g1,j2<m;
n
di) 1
Cilgl S7t) = _gz Z E{Z2j1d2 11J2Z2]2d1 ’TZﬁ = s, Tij, = t}fij1j2(87t)'
=1 j1#j2

Let A(t) be the g x g matrix whose (d;, d2)th element is agil) (t). Assumptions
A2 and A3 imply that |A(¢)| # 0 on [0, 1] and we set

. )
V¥ ka, (1) Z a( V)PV kay (1)

do=1

Then (5.4) reduces to (S.2) of [3] and the same argument there applies.
Therefore ¢y, (t) has the required smoothness properties under similar reg-
ularity conditions.
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5.3. Remarks on the proofs of Propositions 1-3. We can proceed as in
[13] (and [3]) by replacing Z;;, Z;, and @} (t) in [13] (and Z;;, Z;, and ¢ (t) in
[3]) with W;;, W, and ZT 3, (t), respectively. They used several lemmas
to prove their results. We reorganize the corresponding lemmas in our setup
into Lemma 1 given in the following. Its proof and outlines of the proofs of
Propositions 1-3 are given in the supplement [5].

LEMMA 1. Assume that Assumptions A1-5 hold.
(i) There are positive constants C1 and Cy such that

Cillglez < 1127g]" < Callgllc,

for any g € G.
(ii) There are positive constants Cs and Cy such that

lgl1Z 00 < CsKullgllZ s < Caku(| 27 gll")?

for any g € Gp.
(iii) There is a positive constant Cs such that for any B € RP and g € Gp,

IX78+ Z"gllw < G121 XTB + Z7g)",
where ||v]| = max; j |vi;|. Besides, for some positive constant Cg,

|4
loll” < Collolloo-

(iv)

(Z7g1,Z%g2)) — (Z7 g1, ZT92>V’
= O, (K1 .
gl»ss];lepcg HZTgluvHZTgQHV p( n\/m)

(v) For any positive constant M, we have
(Xj— 295, X~ Z"gi)y —(X; — 2795, X~ Z"gi)" = 0p(1)

uniformly in g; € Gp and g, € Gp satisfying ||gjllg2 < M and

lgkllce < M.
(vi) For any process 6, taking scalar values at T;; satisfying that ||0n| o s

uniformly bounded in n and {5n7¢j};7l:i1 are mutually independent in 1,
5n7 ZTg 7"{ - <6na ZTg>V
sup |29 = O B9V (/B )0
9€Gp 1Z" gl

(vii) We also suppose Assumption S holds. Then we have for k =1,....p,
1@vElloo = Op(1),

1Z7 ey — @vi)lln = o0p(1), and [ ZT (e — Gvi)|l = 0p(1).
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5.4. Proof of Theorem 1. Since we consider the identity link function,
we have explicit expressions of Bs — By and Bg — Bo:

(55) Bs—Bo=H" (X; - W,Hy'Hy)" %/ ¢,
=1
- H" Z(Xz - EiH2_21H21)T2i_1(mi7* - (ZTQO)Z»)
=1

:Il — IQ (say)

and

n
(5.6) By~ Bo=H") (X, - W,Hy Hy)" 5 ¢,
i=1
— n —_ —_~
- H" Z(Xz - EiHﬁlHﬂ)Tz;l(Eﬂ* - (ZTQO)i)
i=1
=N - (say),
where I/LI\H, ﬁQQ and 1/1\21 are defined as in (2.4) with V; = f)i, i1=1,...,n,
and v* = (viT, ..., ;"7 satisfies ]BT(t)’y;-‘—goj(t)| <CyK 2% i=1,...,q,

for some positive constant C, that depends on go(t). Proposition 4 and
Assumption A4 imply that with probability tending to 1, we have

CiIy, <2 < Comiy,
uniformly in ¢ for some positive constants Cy and Cs. As for 2;17 we have

Slowtl = 3(s

()

=3

)

i — 3 !

It follows from Proposition 4, Assumption A4, and the above identity that

logn log n)

-1 —1 -1 - —1 2 4 4
(57) Slow = i(E - ) +mi0p(h2+h3+ o i

The last term in the right-hand side of (5.7) is in the sense of eigenvalue
evaluation. By using Assumption A4 and Proposition 4, we get an expres-
sion of each element of 3;!(%; — 21)2:1 This expression, along with the
assumptions for Theorem 1 and the local property of the B-spline basis, will
be employed in the proofs of the following lemmas. These lemmas, assuming
the same assumptions, are needed in order to evaluate fl — I and their
proofs are given in the supplementary material [5].
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LEMMA 2. Let higp and Eml be the (k,l) element of Hio and f‘I\lg,
respectively. Then we have uniformly in k and I,

1
—hig g = Op(K;,!
~hiz = Op(Ky7),

1 ~ _ logn logn
= (higpt — hiow) = K10 <h2 3+ )
n( 12,60 — P12,%1) n Op|hy +h3+ iy + nh2

qKn

{ 23(7171]112,/741)2}1/2 = Op(K,jl/Q),

=1

o ~ 1/2 logn logn
[Z{n (h1zk — h12,kl)}2} =K, 1/20 V5, nhg

LEMMA 3. With probability tending to 1, we have

C1K, ' < Amin(n ' Haz) < Apax (' Ha) < C2 K,
for some positive constants Cy and Cy. We also have

max{|/\mm( (H22 — H3))l, | Amax(n H22 - H22))|}
— K.'0,(h3+ 13+ log” ,/log;l
nhg

max { [ Amin(n ™ Haz)|, [Amax(n " Haz)|} = Op(K; 1)

Then we have

and max{|)\min((n_lﬁgg)_l—(n_lﬂzz)_l)\, |)\max((n_lﬁ22)_1_(n_1H22)_1)|}

is also bounded from above by K,O, (h% +h3+ 4/ 12%:’ + 4/ loig).
nig

LEMMA 4.

1~ 1

—-H|1=-H 1

S Hu = —Hy +0,(1)
1= /1~ 11— 1 1 -11
*H12<*H22) —Hy = —Hy (*H22> —Ho o+ op(1),
n n n n n

where 0p(1) means both componentwise and in the meaning of eigenvalue
evaluation. Hence we have

nH" = nH" +0,(1).
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LEMMA 5.  We have for some positive constants C and Co,

C 1 O _ C
f;IqKn S COV(% ZEZTEz 1§i> S finK"

In addition we have

vn i=1
_ n logn logn logn n 3 3 3
= EOP( Tl,hl nh2 nh% ) ?nop(hl + h2 + h3)
1 1 1 1
+0,(h3 + h3) + O + + + :
vl 1) p(\/nhg No e WKnhQ

LEMMA 6. We have for some positive constants Cy and Co,
1 n
Ts—1
ChiI, < COV(% ZE 1 X; % 9) < Caol,,.

In addition we have

1 & IS
=S XIS -2
\/ﬁ =1

1 1 1
_ \/ﬁop<ogn+ ogn logn

nhy nhs nh%

+O,(h2 + h2) + Op<

) + VIO (3 + 3 + 1)
R

\/ﬁhg \/ﬁhg '

Now we prove that I; — I; = op(n~1/?). Write

n n
L=H"Y XIS '¢-H"HpHy' Y WIS e = H' (In—I1) (say).
i=1 =1

We define fn and flg similarly. From Proposition 1 and Lemma 4, we have
only to prove

(5.8) ——(I1 — I1) = 0,(1) and (Iiy — I12) = 0p(1).

1
Jn

Sks
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The former result in (5.8) can be handled in the same way as the latter and
we consider only the latter. Write

\F(Im—fm) *ﬁ12<1/\ ) = ZWT 7 -2 e

1~ — \—! 1 %
+ " 12 n 22 n E
1~ 1 1 -1 ] <&
H —AII)(—EI> =Y wis!
+ (n 12 12 n 22 \/ﬁ Z W, i &

= p1) + D12 + DIV (say).

Lemmas 2, 3, and 5 imply

1 logn logn logn 3 3 3
DQQ_¢M%(nm_+Tm2+7m§>+¢a%ah+h,+%)

o 1 1 1
+ VKO ( 1/nh2 VnK,ho + vnk, h§>

+ VK OhMWQ_%

logn logn
DI12 =V K, O, h +4/ il ”nhz
logn logn
D112 =V K, O, h 24 thQ

Hence we have established

(5.9) I — I = op(n/?).

Next we deal with fg — I and two more lemmas are necessary.

LEMMA 7. We have

1 & _ . _
‘\/ﬁ ZE?E'L l(wi’)’ - (ZTQO)i)‘ = Op(\/ﬁKn 5/2) and
i=1

= Ak 20,(h+h3+ Mn m"
nh2
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LEMMA 8. We have
1 & B
’\/EZXszz (W~ _(ZTQO))‘ (\FK ) and
\*ZXT S)(W A" — (27 g0),)

= VK20, (R34 13 + log" ,/logf
nhg

Now we can show that I, — I = op(n~1/2). Write

L —HY S XIS (W - (270
=1

n
—H"H2Hy,' Y WIS (W' - (Z27g0),)
=1
=H" (I3 — I) (say).

We define fgl and fgg similarly and write fz = f{\“(fgl - fgg) From Propo-
sition 1 and Lemma 4, we have only to prove

\/15(?21 — In1) = 0p(1) and \/15(722 — Inz) = 0p(1).

The former result in the above can be handled in the same way as the latter
and we consider only the latter. Write

1 ~
—(log — I
\/ﬁ( 22 22)

1~ /1= \"11 & ~_ _ .
= “Hu(-Hn) =Y WIE! -7 (W - (2790),)
1

= DIQ(? + DIZ(S) + DIQ%) (say)
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Lemmas 2, 3, and 7 imply

U) _ -2 2 4 72 logn logny .
DIY) =k, 20, (W3 + 1 + o\ 2 ) =on(1), j=1.2,3

Hence we have established

Iy — Iy = o, (n/?).
The desired result follows from (5.5), (5.6), (5.9) and the above result.
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SUPPLEMENTARY MATERIAL

Supplement A: Some technical material
(doi: xx.xxxx/xx-A0SxxxxSUPP). Proofs of the propositions and lemmas,
and results for the case of uniformly bounded m; and general link function.
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