Supplementary material for “Nonparametric LAD
cointegrating regression”

Details of (23), (25), (27), (33), and (34) are given here.

(23), (25), (27):
We can establish (23), (25), and 27) by combining the standard arguments
in the literature of nonparametric quantile regression. First put
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- ) R*¢"(X;) and b; = 7, 'n] 6.

and notice that a; and b; tends to 0 uniformly in ¢ since we can assume

(23): vy is defined in (9) as vf = v; + a;. Then
| < Clbs| = =Clbi| — a; < v; < COlby| — a.

Recall that a;/7,,' = O(1) uniformly in 7 from Assumption H. Hence we
obtain (23) from from Assumptions V and U2.
(25): When a; > 0 and b; > 0, By;(0) is not 0 only when —a; < v; < —a; +b;.
Then we have

Boi(0) = —2(v; + a; — b;)

and Cath
9 / (01 4 a5 — by) fur (0:]€)dvs = B2, (0€) + 0, (1)

uniformly in 7 from Assumption V and U2. We can deal with the other cases

in the same way.

(27): When a; > 0, we have
sign(v}) — sign(v;) = 21(—a; < v; < 0)

and

2(F,(0[8) = Fu,(=ail€)) = 20 [, (0[€) + 0p(as)



uniformly in ¢ from Assumptions V and U2. We can deal with the other case

in the same way.

(33), (34):
It is not easy to establish (33) and (34).
(33): Recall that

v =wv;+ 0" and 0] = O(h).
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When §7* > 0, we have
sign(v;™) — sign(v;) = 21(—6" < v; < 0)
and
2172 (F,(01€) = F, (=0771€))
= 207267 [, (01€) — h72(07)2f,(01€) + O(| £, (01€) — £1,(67[E)]),
where 0;* is between 0 and §;*.
Assumption V and (35) imply that

|£5,(01€) = £,(677[&))]
< O( sup  |fi(mul€,,,) = fu (mIE )] +o(1))
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uniformly in ¢. Since

imE{ sup [l (mul& ) — fi,(mIE_)I} =0,

h—0 [my—m|<Ch

we get from [22] (for example, see Proposition 1 of this paper) that
72D Kl (01€) = £1,(571€)] = 0,(1).
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(34): First write
ov

fu(0[E) = fui<mu|5f—mo>(@meu))_l

= fu(mul& ) (w(z0) + (X — wo)w'(w0) + o(|X; — wol)),
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where w(z) is clearly defined in the above equation. Using the above nota-

tion, we have
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We can handle the first term of (37) by using Proposition 1.
Finally we consider the second term of (37). Write
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We can use Theorem 2.1 of [23] to show 7, 'Y " {(X; — z0)/h}K; =
O,(1). We can deal with the first term inside the braces of (38) by using a

result similar to the second element of Proposition 1.



