3BU000O XOX 00 K200

o000 :00 00 000 : A439 E-mail:kawahira@math.nagoya-u.ac. jp

Jooggg

Oood : April 12, 2007 Version : 1.0

gobobbo obbbododubbddddlkawahira@math.nagoya-u.ac. jp,
http://www.math.nagoya-u.ac. jp/ kawahira/courses.htm[]

gboboogobuogobou40dbboobooobobodbboobbooboon
guobogboooboobbuoobobbuoobbooboboobobooboobon
gobogbdoobbobooobodbuoobobooobooooboobboboon
gboboboooooon

() DOO0O0O0UoOooooOoOoDoOOoO0O0oUooooooCoOoOoOm
(2) DOO0O0D0O0D0DO0ODOOCOOOO0O0DO0DOODOCOOOOOOOoOooDoO
(3) DO0U000U00ODoOoOooOOoUOUOUOoooDooooO

(4) 000000 O0O0OoUoOooooooOlo-1000000000000000

gboogobobogbbboobbuoboobboooobouooobooboon
gobboooobbboooobobooooboobobbboooobobbbooobo
gbouogobodgbbugbboobbuooboboobioboobodgbooooboadad
gogooobobobbbbobobobbobobobbbbbodddooooooooooobon
TAOOOOOODOOOOOOODoOOoOoDoo
gbobbouooogbbbouoooobbboooobbbooobobbbooobobon

goobog obobobbdgoobbboooooobbbooooboboboooon
gbogdgboboogoobbooogbobobago

e 00O 6OODDDOUOOLDDOUOUODLDLDOUOUUODDLDOUOOOODLDDOO
gbobbooggz2b00000ooo

e DO OODODDOGOT 40D D OO YLOODYYLIOUDOODOOD

OO0 ODO00OO00b0oboo0obobb3sbo0bubouobobtUD email0OOGO
gbboboogobboooobbboogbobbboooobbon

00000 000O0bO0o0bO0oboobOO0ssgoooboooooOoboboDb0A4aDO0ObDDOOD
gboboboooobobobobobbbouoooobboboooobbbbmud x-xt0
goboobbogobbodoobooboobbooobbooobbuooobobon
gbbogodgbboobooobuoobbodgbooobuoooboobbooboon
gboboggbuogobuoooobbbboobbooboooboooboobooon
gbogbobodbbouobobobbuoobbuoboobbooboobobooboon
gobobooodgobood

00 K2-3B07-00 oobooboooooboooo



3BU000O XOX 00 K200

o000 :00 00 000 : A439 E-mail:kawahira@math.nagoya-u.ac. jp

gobobobbbt dddooddddddooooooooooooooooobobo
0000000000000 DO00bOO00DOb0DbOb0O0Obn 11:30-13:0000 00 Cafe
DavidDOODO 100 20000000000 0000DOOODODOODOODOODOO
0000000000000 000O0D0bO0ObO0o0ObDO CafebavidOOODOODOODO
gbodbboobbodgboobbuoobbuoobobbuooboboobooooboon
gbobodbobboooobbboooooboobbbooooobboooono

OO0O000b00o0Db0o0b0o0o0bo0bDO0On emaildd appointment 0 000 OO
gooboboodgd

gobobuoogbbobod

(1) C: set of complex numbers (2) R: set of real numbers
(3) Q: set of rational numbers (4) Z: set of integers
(5) N: set of natural numbers (6) x € R: z is in R, x belongs to R
(7) p/q: p over q (8) x?, x3: z squared, x cubed
(9) 2™ x to the n(th power) (10) +/z: square root of z
(11) 2'N: nth root of = (12) n!: n factorial
(13) f(z): fofx (14) a,: asubn
(15) @ < b: a is smaller than b (16) a > b: a is greater than or equal to b
(17) f: X —=Y: fmaps X to YV (18) P = Q: If P then Q
(19) P <= @: P if and only if @
goooog
(1) a: alpha (2) B: beta (3) v,[': gamma (4) 0, A: delta  (5) e epsilon
(6) (: zeta (7) m: eta  (8) 6,0: theta  (9) ¢« iota (10) : kappa
(11) A, A: lambda (12) g mu  (13) v: nu (14) ¢, =: xi (15) o: omicron
(16) ,II: pi (17) p: tho (18) o,%: sigma (19) 7: tau (20) v, T: upsilon
(21) ¢, ®: phi (22) x: chi (23) %, U: psi (24) w, 2 omega
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e 1000 Wikipedia O “Lebesgue measure” [ [0 0 0 Google O O wiki Lebesgue mea-
swreD 0O 0O0D0OOO0ODOOOOOOOOOOODOOODOOODOOO
MathWorld(http://mathworld.wolfram.com/) O search 0 0 0000000
PlanetMath(http://planetmath.org) O find 0 00 00O

e IODODOODOOODOOOO
Mathematical English Usage (http://www.impan.gov.pl/Dictionary/)
Ooo00O0O0O0O0ooooon
The MacTutor History of Mathematics(http://turnbull.mcs.st-and.ac.uk/ history/)
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John and Tom share a room at home. To paint their room, it will take John alone
8 hours and Tom alone 12 hours. How long does it take if they work together?

Hint: Regard the whole work 1, then in one hour John can do 1/8 and Tom 1/12.

Fahrenheit(F') and Celsius (C') temperature readings are related by a linear equa-
tion.

(1) Given that F' = 32 when C' = 0 and F' = 212 when C' = 100, find F as a function
of C.

(2) At what temperature does one have ' = C?

goboboooan

(1) By assumption there are constant a, b such that the function F' of C' is of the form
F=F(C)=aC+b. From F(0) =32 and F(100) = 212, we have

b = 32 and 100a+b = 212,

1
hence a = @ = 2 Thus the formula is F = 2C’ +32=1.8C + 32.
100 5 5
9
(2) We set F' = (| that is, gC + 32 = C. Solving this, we find C' = —40. This means

that C' = —40 and F' = —40 at this temperature.

1000™

Find the largest term in the sequence {z,} defined by z,, = '
n!

forn=1,2,...
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1
Prove that E — is divergent.
n
neN

O05.000000000DO0ODODODO
Let I C N be the set of natural numbers that do not contain the digit 9 in their decimal

1
expansions. Let us show that E — is convergent.
n
nel

Let I, := I N [10%,10*Y), qp := #1I;, and Sy = > ner, 1/n. For a fixed k > 1, each
n € I has the decimal representation

[nknkfl o 'nlno]lo

where n; # 9 for 0 < i < k and ny, # 0. Hence n € I, is of the form n = 10*n;, + j with
1 <np<8andje€ I forsome 0 <s<hk—1orelse j =04pn). It follows in particular
that gx = 8(¢go + ¢1 + -+ + qe—1) + 8, which implies by an induction that ¢, =8-9%q).
Thus

8 k-1 8

1 1
Si= 220 10k¢+j+;ﬁ

i=1 s=0 jel,

— 18
<o) 8D 15 t i
s=0 jels
k—1
=@) 107 (8 > s+ 8)
s=0
= 107%g, < 8-(0.9)".
This implies

1 9] 9]
D= Sty S < Su+8) (09 = S+72 < 75
k=1 k=1

nel = =

1) dggoboboboodb n0DO0O0O0OO0O

3

(1)
(2) 0000000000000000(0)0000000000
(3) 0000000000
(4)

4) b0bOo/ooooboloboboobobobob2000b00b0bOo Jooo

ooooo ), 1/n0000000

(5) 0000000I0D000000000O0OO ICcIIcNOOOOY,
gboboogoobboooobooboooobooda

nep 1/n = 00
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OO00000000000 MebiusOOOOOOOoOO

gobobooooobooobooboooboobooooog e 4/2700005/4000
goboobooooboooooboobooOoooo

gboocoboboooooboooobobooon ¢ E/;DDDDDDDDDDDDDDDDDDDDD]

gobooo

Let G be a set with a binary operation (= a map from G x G to G) (g,h) — g * h. The
pair (G, *) is called a group if G and * satisfy the following conditions:

(Gl) Associativity: Vg,h,k € G, (gxh)xk = g=*(hxk).
(G2) Indentity element: Je € Gs.t. Vg€ G, exg = gxe = g.

(G3) Inverse element: Vg € G, 3h=:g ' € Gst. gxh = hxg = e.

A group (G, *) is often denoted just by G.

00 1. (Special linear group) The special linear group0 000000 is

SL(2,C) := {(a Z) s a,b,e,deC, ad—bc:l}‘
c

Show that SL(2,C) satisfies (G1)-(G3) above if the group operation * is given by the

product of matrices.

A subset H of G is called a subgroup of (G, ) if (H,*) is again a group.

(Special linear group over reals) Set

SL(2,R) := {(a Z) . a,b,c,d € R, ad—bc:l}.
C

Show that SL(2,R) is a subgroup of SL(2,C).

Riemann O 0O 0O Mobius O OO

Let C = C U {oo} be the Riemann sphere. A Mébius transformation T : C — C is a map

of the form
az+b

cz+d

T(z) =

where a, b, c,d € C with ad — bc # 0.

00 K2-3B07-02 ooboobooooobooooo
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Show that any M&bius transformation T is bijective. (We use the following rules:
1/0=00,1/00=0,00+a=a+ oo = o0 for any a € C.)

A A

00 4. Let Mob(C) be the set of Mébius transformations. Show that Mob(C) is a group
by regarding the composition (7',.S) +— T o S as the group operator.

N

000 TeMsb(C)DODDOODODODOODODODOOO
e 7O COOOD COOOOODOODODO
e TUOUODOODODODO
e TOooOODUODODODODODODODODODODOODO

DooCO0000030000030000000 7000000

b
00 5. (Group homomorphismOO0 000 ) For A = (a d) € SL(2,C), set Ta(z) :=
c

e +Z. Check the following relations:

cz +

(1) VA,BE SL(Q,(C), TAOTB = TAB-

(2) VA€ SL(2,C), Ty' = Ty.

A

(Kernel) Check that for any S € Mob(C), there exists an A € SL(2,C) with
S(z) = Ta(z) =T_4. Then find A € SL(2,C) with Ty(z) = z.

gobobooogn

COO0O0D0D0OO (unit disk)0 DOODOOOOOO (upper half space) 00000000

H:={z=2+4+yicC:y>0}

a b

007 000 A:< d)GSL(Z,]R)DDDDTA(H):HDDDDDDDDDDDD

C

Mob(H) := {T4 : Ae SL(2,R)} 00 000Msb(H) O Méb(C) 0000000000
0oo

0o s.w:S(z)::Z:‘,DDDDDS(H):DDDDDDDDDDDDD
z 1

Mob(D) :={SoTy0S™ " : Ac SL(2,R)}
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~

0O0000Msb(D) O Méh(C) 0ODODOO00000000

009.000 T e Mob(D) O

ZA6,w—|—a

T = 0eR D
() = "L (§eR, aeD)
Odo0oooooooooooooogo
b
T(z) = 270 (abec, o —p2=1)
bw + a

gbooboboooobooo

oo. A:<% 0abeC, [a-p?=10000000000 SU(,1) 000000
LorentzO OO OOO00O0O SL(2,C) 0000000000000 OOO0

QS
N—

2000000

OO0 10. (0000D0O0OOO000ODOOUO0O0) HOODODODOUOOODOO ~OO
000000000 (hyperbolic length) O

|dz|

7Imz

lengthyy =

O000000000DD000 TeMsb(H)ODODO
lengthyT'(y) = lengthyy
gooooogoo

0011.DO0O0O0DO0O0CO0O0O0O00 Y OoOoooooooooo

o dw
lengthpy' = L/1_|w|2
OD00000DHOOO0ODO0O00O0O00O00 40O w:S(z):z_T_Z,DDD
z 7

lengthpS(y) = lengthyy
goooogooo

0012, (00000000DOO0O0OCCOCOODO) O02000D000000000 Te
Méb(D) O ODOOOOOOOOOOOOD yCcbhOOOO

lengthpT'(y) = lengthpy
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gboboboooon

oboooooooooo bob 20 oop0b0O000OD0OO0ODOODOODOOD
a,0 0000000000000, pO00000000

00 13.000000000000D000D000 ,pO000O0ODO yODOODODODOO
O000000000000D00 TeMob(D)OOODOOODOODODODOOOOOOO

w—

T(w) =

1—aw
Oooboooobbodbbae=000000000

() 0D o0<pg<lO00000D0O0O0DODOOOODO

(2) wODOOO0OD Aw=Au+:Av 0000 |Az| > |Au| 0000
B)w=u+vieDOODOO1-|2P<1—-|[w*0000
)

(4) 00 pe(0,1) 0000000000 DOOOOOOyODOOO

d B d 1
/|7w|2 > / | U|2 _ logﬂ
51— |w| o 1—|u 1-p

gbobbooooobbooooobobboo

(5) Méb(D) 0OO COODOO0 COO0O0O0O0O0OO0OOOO0O00O0O0OO0OOOO0O00000
0Dooo0o0o0o00

z,weDOOOOODO (hyperbolic distance) O

zZ—w
1+ 1—zw

zZ—w
1 - 1—zw

dp(z,w) = log

00000000 0D0o0o0n (b,dp) 00O0OO (hyperbolic plane) DO 00000000
bbgobooboooboboooboobbooooboooboooboooooooobooon
ODUO0DORemann 0O 100000000000 0OO0O0ODOOOOODOOLODOODOOODODO
boboobboobuodobobooobuooboboobod

00 14.(00) OD0O0O0O0 dp 0 DOOOOOOOODODOODOOOO

00 15.(00) HOO 2000000000000 0O00O0O0ODOOODODOOO200
gbobooobobobooooboo
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0000 RiemannU 0O 0O 0O 0O

D0000000000000000 100 DRiemann FiEIEEE
000000000000 000000000000

1 ?27?
0000000000000 00000000OOn * 5/180 Fourier 0 0 77
00000000000000000000000O0 e 5/250Lie00 Lie0??20000000
ooo ooo

HEN

Euclid’s Theorem. [0 There exist infinitely many prime numbers[]

Prove it by contradictionl]

00000 There exist infinitely many primes of the form p = 4k — 1 (k € N).

002 000000000000
(1) 200000 p0 4k+100004k—100 (keN)0OOOOOOOOOO

(2) 44-100000000000000000000000 py=3,p2="7,...,p, 0O
oooo

N = 4pipy---p, — 1
D4k —100000000000O00000

(3) (2)000000000O00
00. 00000O00006k—10000000000000000000

Riemann OO0 O OO0O

00 A.Ivié “The Riemann Zeta-Function: Theory and Application”0 00 10000
OO00D00000000DOO0Od

The Riemann zeta-function ((s) is defined as

C(s) = Z% (Res > 1), (1.1)

and the series (1.1) converges absolutely and uniformly in the half plane
Res > 1+, since [n™% > n~'" and Y 2 n !¢ converges. Here, n~*
for complex s is defined as e*!°6™ where logn is the natural logarithm of
n. The zeta-function seems to have been studied first by L.Euler (1707-1783),
who considered only real values of s. The present notation and the notation
((s) as a function of the complex variable s are due to B.Riemann (1826-

1866), who made a number of startling discoveries about ((s). Riemann wrote

00 K2-3B07-03 ooboobooooobooooo
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s = o +it (o,t real) for the complex variable s, and this tradition still per-
sists, although some authors prefer the more logical(;) notation s = o + i7.
Uniform convergence for ¢ = Res > 1 + € of the series in (1.1) implies by
a well-known theorem of Weierstrass  that ((s) is regular for o > 1, and its

derivatives in this region may be obtained by termwise differentiation of the

series in (1.1).

O O Historically, the zeta-function arose from the need for an analytic tool
capable of dealing with problems involving prime numbers. It was observed
already by Euler that

o0

1

= [Ta-»2)" (1.2)

for real s > 1, where the product is taken over all primes. The identity (1.2)
plays a fundamental role in the analytic theory of primes and it in fact holds
for Res > 1.

0. converges absolutelyl] 0 0 0 0 0 O O startlingd O 0 O O Oregular: 0 0 O U termwise: U
HEN

003.0000000000000000000
(1) s=o+it00000=14¢>10000000000 (1.1)00000000000
(2) 000 (0)0000000000 “more logical” 000000000

(3) D00 (0)0 Welerstrass 10000 O000O0OODOOOOOOO

goobooo

00 (1.2)000000000000 (Euler product) DO000c=Res>100000
goodoooobobbooooooob

e co=Res>100000000000O00O0O0O0O0DOOODOOO

e J00D0D0ODODODODO((s) 0D DDUDDDODOODOO3()OODOUODUOoODOOO
gooodao

00 a (neN)OOODOOO[[ 2,6, 000000000000000

gbbooodgobbuoooobbbooon

0000 b, (neN)0ODODD
e Y b, D00000DDDO [[22,(1+1b,)) 0000000000

e DDD [[,(1+p,) 0000000000 [[22,(1+b,) 000000

00 K2-3B07-03 ooboobooooobooooo
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oboobooobooboobimovgeboobooboo
g s.

(1) 0 =Res>10000(1—p=) ' =1l4p +p>+---=14+» p’* 0000
j=1

(2) Y > p’ 0000000000000 HNDOOD ) »°00000)

p00 0 j=1 n=1

(3) c=Res>10000Euer0000000O0OOOO

OO0e6. 00000000 2=p<3=p<---0000000000=Res>10

ggo

(1)mDDDDD 20300000000 000b0O0000oDb
1
= a2

mS
m

gooo

(2) 0000 py,---,py 000000000000 Xy 0OOOOOOOOpy OO0
000000 X,00O0O0O0O0oOoooO0o

(3) N— oo 000
1

[e%S) 1 N B
> IIa-mn) 7 < 3o =0
n=1 k=1

nZ>pN

gooo

OUOO0OO0OO0OEulerdd0O0O0O Euclid’s Theorem OO OOOOO0OOO0ODO

() obooooo py,---,p, O0OD0O0OOODODOOODODOOOOs>1000 (1.2)00
goboooo

(2) s\,100000(1.2) 0000000 Eder0000000000 ¢(s)000000
000000000 O

OO0 Euler D0 ) 1/p (pP000)0000000000000000 Euler O

1 1 1
37577
0000000000000000000000000D000000000000000
s>10000log[J1—p %) =Y (p +p %/2+p /34 ) 00000 (p */2+
p3/34+..)0000 s\ 100000000000000(1.2)00 log[[(1—p~*%)~! =
logd¥n™ oo 0000 p !> p ¥ —000000

00 K2-3B07-03 ooboobooooobooooo
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OO00O0ooooboon Riemann O[O

D002 <100000000
f(2) = 1+z2+22+--

gboobobooboboboobob
1
f(z) = 14+z4+224+... = T (1.3)
000000000000 f(2)=1/1—-2 00000000000 0OOO0O0ODO z=101
0000000000000 000D0000000 f(2)=1/(1—2) 0 |2/<100000 local
ogooooooboo

0000¢(s)0 Res>10000

1 1 1
C(S) = 1+§+§+E+
J0dddoopoooooOoOo000000ooooooDOlecalD0OODOOODO
1 2571
= A d 1.4
() (627”5—1)F(s)/cez—1 © (14)

0000CO ()0000000000000000 é<2r00000(@G) 000 0 |2|=60
000000000GI)00 é00000000000000000000000000002%!
O els-Dlesz 0OOOO ()00 logz = log 2|0 (i) 00 logz = log|z| +2ri 00000000
00000 I'(s) 0000000000

I'(s) := / 25 te % dx
0

0000000000000 (140000000 ((s) 0000 RiemannOOO0OO0OO0OOOO
gbboodbboobbdgobod z=1000100000000000

00 Riemann 000 OClay Institute 0 0000000000000 100000010 20
gboboobooobooobooan

Riemann 000 ((s)=000000s0000000Res=400000

goooooooboooooooooooooobooooooooooDooboboooobo oo
gooooooo
e x U0OOOOOO W(:C)DEIDDDEID
Todt T
Li = — = 1 1
@) = [ o = o) =)

000 7(z) = Li(z) + O(z'/?logz) 000D OO

1/2
o 00000 pns1 —pn = Opy*logp,) 0000000000 ppr1 — pn = O@>25+) 0O
oDoooon

O007.0=Res>100000 (140000

oooo.
e A.lvié. The Riemann Zeta Function: Theory and Applicatioin, Dover Publ. Inc., 1985
e H.M.Edwards. Riemann’s Zeta Function, Dover Publ. Inc.,1974.
e J0IDOONOOIDOUDODODDO,0ODOD2006.
e DIIDODDODDOOOOD,00DDONO1991.
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[ 0 0O Fourier U U

0000000000000 0000—Fourier O O
000000000000000000000000 ooooo
0000O0000000000000 Cantor 000 . o

OO0 OFourier 000 000000000000000 '?@%ﬁwDDLwD“DDDDDDD
000000000 Fourler 10000000000
000000000000000000000000 e 6/1000000000000007
000

gooboooon

R*O0O000O {uy,...,u,} 0 10000000000000 ecR*O000O0O
gbobobooooboo

a = auy +---+au,
oud ay,...,a, O
|| s | (u, w;),

DDDDDDDDDDDDDDDDDD(G,Ui>nDDDDDDDDDDDDDDDDl

00 I=[b cROODOOOOOOOOOOOOOOO CJ)0DO0O0ooOOO
O0C()0 ROOODOOODODOOODOOOOOOOOO

O0ooo0 c)o0O0 f=f(x), g=¢(x) 00000000 (inner product) O

(f.g) = / f(2)g(x) du

0000000000 (f,g)=000000000 f=f(z)0 g=g(x) 0000
0 (orthogonal) D0 OO OO0 0000 (norm) ||f]| O ||£1°=(f,f) 0000
oo

00 3. 000007:=[0,10000000 000000 7,:C) >R"O f=
flzyec(ooon

T f = f(x) — (f(0), f(1/n), f(2/n),---, f((n = 1)/n))

gooboboodd

(f.g) = lim <7Tn(f)a7rn(g)>n

n—oo n

gbobobooooboo

Yuy,...,u,} 00000000000000000a; = (a,u;), 0000

00 K2-3B07-04 ooboobooooobooooo
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00000 Fourier OO 0O

0000 [:=[-x7 0000000000 n, m 0000Kronecker D000 6,
Om=n000 6p=10m#n000 6, =00000000

O04.C(7) 00000000 u, :==cosnz (n>0), v, :=sinnz (n>1) 00000
000000o0Cc({()000oo0oodOdn,m>1000

<'U,m,'l,l,n> - <'Um,'Un> - 7T5mn
oo n>00m>1000
(Up, V) = 0 (ug,ug) = 2m

000000000 {ug, w,,v,} gboboboooob

neN
O005.000 neNOOOOODDOOOODODOOOOOOODOODO f=f(x)eC)O

falz) = Ao+ Z (Apcoskx + Bysinkxr) = Aguo + Z (Apug + Brvg) = f,

k=1 k=1

0000000 0Fourier 0000000000000 onooogon
T 2 2
€ = / (@) — fu@}2de = |f — £

00000000000 Ay, A, B, 000000

(1) 00000 {up,un,v,}, . 000000000000000

neN

/ @) = 2042423 (24 B = [f?
- k=1

(2) OO ag, ag ,bpy (k=1,...,n)

[l
w =1 [ s 1ae - 2

D
ol
ap = l/ f(z)coskxdr = <f’uk2>
TS [l
1 ™
by = —/ f(z)sinkrdx = (f,’v;;)
T [okl

gobooooobbooooooboo

Z/ﬂ f(z)fu(x)de = 2w Apag + 27 Z(Akak + Bibe) = 2(f, f.)-
o k=1
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(3) ()0 (2) 0000000 ¢, 000000000000
T 2
/ (@) de + QW(AO_;QO)

+1 ) {(A = ar)’ + (Br — b))’} —W{C;O + (a§+b§)}.

k=1
(4) e, UOOOOOOOOOO AO,Ak,BkDDDDDDDD
f7u0 k <f7'vk>
fTL(x) :fn_ 0+ g'vk
[ Z HukH H’Ukl\

gbbbouoooobboooobbbboooobobobooon

O00000 Fourier D000 n—ooOOOOO

% + i {an cosnx + by, sinnz} = <f1;u02> ug + i { <‘f’ u712> Wy, + S, v”2> Un}

n=1 H OH n=1

O f(z) O Fourier 0 O (Fourier series) 1 D 0000000000

flx) ~ E—FZ{ancosnaz—kb sinnz} (1.1)

n=1

00 6. (BesselDOOO)
(1) ,>000000000000

I = - [ @y “°+Za +262

oooo?

(2) 000000000000 [-7,7 0000000000000 f(zx)0000

lim f(z)cosnrdr = lim f(z)sinnzdr = 0

n—oo n—oo
—T —T

gooo

FourierOO O OO QOOO

0(l)OooooOoooOoooO0oU00oUo0oooooooooU0oUooooooOooo
obooboooooboboboobobboobobobob Fourier 0D oooooooooO
000000000000 (1) ooooooUooooooo0oooO0oo0oooOOobooooOo
oOoooo0ooooboooboOoOdHilbertOOOOOoDOOoOoOOOODOODOODOODOOO
gopbooboooon

D00000000000000000000000000 (Parseval’s equality) 00000000
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00000 f:R—-ROOOOD0D0O000000OO0
e 00 2r 000000000000 f(z) = f(z+ 2m)0
e 00 —r<z<700 f(z) 00000000

« 00 f(-7+0):= lim f(z)000 f(n—0):= lim f(x)000000

T——T r—m1—0

00000000 z2#(2n+ ) (neZ) 0000

ao = .
flx) = > + Z {a, cosnx + b, sinnz}

n=1

00000000 z2=@2n+ 1) (neZ) 00000

f(=m+0)+ f(x - 0)
2

oo
= % + Z {an cosnz + by, sinnz}

n=1

gboogboooboobboooboobod

007 f(z)=z (—r<z<mOf(r)=f(r+2r) 00000000 f(z) O Fourier O
gboboboogogd

(1) f() 00000000000000a,=0 (n>0)0000
2) b, (n>1)0000000000000002000000000000000

in 2 in3 .
f(l') = Q{Sinx — San v + S1n3 z — 4 (_1)n—1S1nnnx L. }

(3) 0000000 0OO0OOOOoOoOoDOoUoOUOUoooOo

3t
2F 5
1 1
-6 -4 -2 2 4 -6 -4 -2 2 4 °
1t -1

01.0070 f(x)D000 n=50000 n=200000 Fourier OO OO

goog.
e TW.OUOODO.OODODOODOODOOOODOODDOOOOODOOOOOODDO19960

e J0IDOODOODOODODODODLDODODODOON1994.
o J0IDOOOOOOOOODOODLMMODOODONOI1983.
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ooooo
00000000000 2000000000000
000000000000000000000000 e 6/D00000DOOOODDDO0 ten-
000000000000000000000000 tativell
oooooOob0oobooboobboOoogobDoon Lie e 6/80000DO0DOO
oooooo

e 6/1500000000000 tentatived

goooood

00000 B.C.Hall “Lie groups, Lie algebras, and representations” [0 Section 2.1 [
OO0000O0DO00O00000
Let X be an n x n real or complex matrix. We wish to define the exponential of X,
denoted e* or exp X, by the usual power series

e}

Xm
X _ E
e = 70W. (11)

We will follow the convention of using letters such as X and Y for the variables in the
matrix exponential.

Proposition 1.  For any n x n real or complex matriz, the series (1.1) converges.
The matriz exponential e* is a continuous function of X.m)

Before proving this, let us review some elementary analysis. Recall that the norm of a
vector = (z1,...,x,) in C" is defined to be

n 1/2
[zl = vz, 2) = (leﬁ) :

We now define the norm of a matrix by thinking of the space M, (C) of all n X n matrices
as C"*. This means that we define

. 1/2
X1 = (Zlel|2> : (1.2)

k=1

This norm satisfies the inequalities

X+ Y < X1+ 1Y, (1.3)
XY < (XY (1.4)

for all X,Y € M,(C). The first inequality is the triangle inequality and is a standard
result from elementary analysis. The second of these inequalities follows from the Schwarz
inequality. If X, is a sequence of matrices, then it is easy to see that X,, converges to a
matrix X 'if and only if || X, — X|| — 0 as m — oc.

gb1l1.0dggoboboooobobbuoooon
X, 00000000 X0000000000
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(1) 000000(1.3)0(1.4)000000

(2) 0000 X, € M,(C) 0 Cauchy 0000000 X, —X|| = 0 (m,] —0) 00
00000000000000 XeM,/(C)00000 X,, — X (m—o0) 000
00oo00

(3) 00000 > X, = Xo+Xi+Xp+--- 0000 [IX,[|00000000

DDDDDDDDDDDDDDZXmDDDDDDDDDDD X eM,(C)DOO

m=0

DDDE:Xm:XDDDDDDDDD

m=0

(4) Proposition 1 000000000 000000000
(5 000000O0OOOOO0O0OD0ODOOO0OO00000000000O0O0OOOOOOO
0000000o0o
(DoooooDnD) X={XuteM,(C)ODOO

X| = Xv|0DDDOO |IX| == X
1] |vhj?5€C"| vl IXII = n max |X|

0000000(.3)000 (1.4 000000000000°2

ooooooon
(E1) 000 o, € COO000eHAX = gaXfX]

(E2) XY =YX = XY =eXe¥,

d d
(BE3) —eX =XeX000 —eX| =X
dt |

(E4) dete® = e X0

00000000000 (E1), (E2), (E3), (B4)000000000000000
00000 X 000000000(X) '=eX000000000

00 LieO
oo0odd GL(n,C) Cc M,(C)D0OCOO0O00O0ODOOOO0ODOODOUODODOOOOOO
gogd
GL(n,C) = {X € M,(C) : det X # 0}

Dooo00000000000 (operator norm) 00 0000000000000 O0OOOOOOO
ooo
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004.0000 »=200000M(C)0 C*000000000000000000
00000

(1) My(C) 00 COO000 X—detX 0OOOOOO
(2) G=GL(2,C)0 My(C)DOOOOOOOO0OO0OOO0OO0OOO
(3) Gx GO0 GOOO00 (X,Y)— XY ODOOOOOOOOOOOooooo
)

(4) GOO GUOOO0O X~ X'O00O0OOOOoOoOooooooooo

00000 GL(n,C) ODOOO GO GL(»n,C)DO0U0ODOOODOOOOODODOODODOO
00 X, €G, limX, =X € GL(n,C) = X e GO0D000G OO0 LieO (linear
Lie group) DO OO

‘000 GOOO0D0O0O0040 3)4) 0000000000 Lie0OOOO

O005.000 GL(2,C) 00000000 LieDOO0O0OOOOODOO
(1) 000000 GL(2,R) := GL(n,C) N My(R).
(2) DODOO SL(2,C) :={X € GL(n,C) : det X =1}.
(3) 000000 0@):={XeGLmR) : ‘XX =1}0I000000
GL(2,R)0 O(2) 000000 2000000000000 0O0DOHIntG: OOO
guoooog

00 LieO O LielO

GL(n,C)O0O0OUDO Lied GUOOOGUO LieO (0000 LieO O O Lie algebra) g O
= {X € M,(C) : VteR, ¥ € G}

googo

gd. bboo gbbdooobb gbbbbooooobbboboooooobobobD
ABCDEFGHTIJRLMNOPARGTULW XY Fabcdefghijtimnopqestuvropy; 000N OO0 0000 O000O0O
ogoogo

Jgor.jogooobbbboodooooobobogoo
(1) GL(2,C) O LieO O gl(2,C) = My(C).

(2) GL(2,R) O LieO O gl(2,R) = My(R).

(3) SL(2,C) 0 LieO Osl(2,C) ={X € gl(2,C) : tr X = 0}.

(4) O(2) 0 LieD O 0(2) = {X € gl(2,R) : 'X = —X}.
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08 00400 LieUUlgUOUDbOOUOUOOobbOOOooobbOoOoOon
(1) VaeR, aX €g

2) VX,Yeg X+Yeg

(3) VX, Y €g, [X,Y]:=XY-YXegOOOOOODO

000(1),(2)000g0 ROOODDOOOOO0O00000O0(3)000g0 0000 (commutator) 0 O
0000000000000000000 Lie0O Le0O0000000000000000000

000000 gxg—g(X,Y)—|[X,Y]0OOOOO0O0000000000

(Cl) (X+VY,Z] = [X,Z]|+Y, 7]

(C2) [aX,Y] = o[X,Y] (aeC)

(C3) [X, Y] = —[V, X]

(C4) [X,[V, Z]] +[Y,[Z, X]]+ [Z,[X,Y]] = 0 0OJacobilO

000 0000000000 g0 (C1)—(C4) 00000 (X,Y)—[X,Y]0OO0O0000
0 Le00OOOO

LieOOOO

OD00Lied g0 LieD GOOODOI0000000000000000000000000
G=SL(2,C)0000000000000000 My(C)0000 z=det(a,b,c,d) =det (2}) =
ad—bcO000000GO z=det(a,b,c,d)=100000000 X =(a,b,c,d) 0000000
00X =1=(1,0,0,1) 00 AX :=(Aa, Ab,Ac,Ad) 000000000 I+AXeG 000
0000000 000000000

Az = %zAa+gbAb+g Ac+gdAd dAa — cAb — bAc + aAd
0000000000A2=000 (a,b,¢,d) =(1,0,0,1) 0000000000000 = Aa+Ad
00000000000 trAX =0 AXngs[(Q,C)DDDDDDDDD AX OOODO
0000000 00o0oboo0b0 YegUOO t=0000tY egOOd I+tY ~e¥ e GO
doooooooooooooooooooog gdoboooooo rooo0oooobooon
00 GO000o0o0oooooooooo

DDDDDDDDDDDLieDDDDDDDDDDDDDSL(Q,(C)DDDDDDD det(a,b,c,d):
ad—bc=100000000000Lie00000O00O0O0O0O0OOOO0OOOOOOOOOO
O00OLied0O0O0O0OO0O0OOOOOOOOOOO0OOOOOOOOOOOOOOOOOOOOO
0oodddd X, YeglO t=0000

G 2 e = Ve (I+ 42X, Y]+ O(t%))
00000000000 U00o0oDOOoooO0oOO200000000000000 [X,Y]ODOO
gooooooon

oooOd. LieOOLie0DOOO0OO0O0OO0OO0OODOODOOOOOOODOODOODOODOODOODOOO
obooooobooooonbo

e B.C.Hall “Lie groups, Lie algebras, and representations”, Springer, 2003.
e J]0I0UIUIDUDDOLIedO LieO 120000000000 0DOOODODONO1999.
e 10I00IUDODDODDODOODODOODO1960.
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0000000000000 D00000O000O0oo e 6/150000000000D00OOODODO
0000000000000000 poooo

e 6/220000000000UOUDOOD
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—0Oooooboouogooobbbooooobooboobbooooooobobooboobooboogyd
le7o0booobooboobooboobooboboobobobbooboobLDooboobobo
gboogbuoobobooboobosgobboobooobooooboobobbobo
gboboodgooooo

gooobobooHPOUODODOOODO 3O0DbUOODLDODLDODOOODODLDODOODLDOODOODOD
oooboHpPOOOODOOOODOOOODODODOODOOUOOOODOOOODOOO
goodoobooooboboobD TgXboobooogoooooooooobobobobooooo
gboboooobogn

goboboooboobdobolecboboooboobobboboobooboobobobo
gbosbobboboboboomobobooooooooboboboobooooobooDo
gobobooooboobbooobbooobooobobooobooobbooobbo
gbobodoboboooboobood

00 1.000000000000000000O000000DODOO0ODOODOO0000ODDOOO
gbobodobooboooboobooooo

o JODOOUOOOODODOOOOOODLDOO
o IO OOOOMO
o I UIOOOMO

gbboobodgbod

gboboodgooooo

o NI UOOOOODODOO
e JOOUODODOOODLOOODLOOO

gbboobooobooooooooan

—Ogobooboboooboobooooboobboooboobboobooboboobo
gbboooboooobboobbooooboobooobooooboobbuoooboobooobboo
ooobobobobdbhandout D000 ooooooooon

00 2. 0000000000020 00000000000000000000000000O
gooboobooobooobooon

(1) DoDoOoO0O (2) 00000000
(3) DoDOOOO (4 00000000000

gooooboooo

—00o0o0ooooobooboooooooom
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gboobooon

gboobobooboobooooogooobooobobobobooboboboboboboboo
0000000000 000D00O00o0oooooooat

When giving a problem-solution speech, speakers often organize information according to
this four-part structure.

Description of a situation Situation [
Identification and description of a problem Problem [
Discussion of one or more solutions or responses to the problem Solution [
Evaluation of the solution(s) Evaluation O

In the situation section, the speaker provides the necessary background information for
understanding the problem and how it has arisen. In the problem section, the speaker
identifies and discusses the problem. As part of the discussion, the speaker generally
explains the reasons for the problem. S/he may also discuss inadequate solution to the
problem. Depending one the nature of the problem, speakers may choose to combine
the situation and problem sections. In the solution or response section, the speaker
generally highlights one solution and discusses it in detail. In the evaluation section, the
speaker evaluates the solution by pointing out its strength and weaknesses. The last two
sections may overlap, depending on how the speaker organizes information.

0 Two reasons to use a problem-solution pattern of organization are

(1) When you are preparing your speech, this four-part structure provides you with a
simple means of ordering and remembering information.

(2) This familiar patterns of organization helps your audience follow your talk because
they will be able to predict how your presentation will develop.

00 3.0000000200000000000 Situation, Problem, Solution, Evaluation
goooooooooooon

goog. boobooboobooboooboobooboobooboobooboobooobobo
obooobOooooooboboooboboooooboooon

e O0DOMMODODOODODODODODODODODOODOODOO
http://www.ms.u-tokyo.ac.jp/ “yasuyuki/sem.htm

e IO MIOODDOOOODO
http://nova.planet.sci.kobe-u.ac.jp/ “matsuda/review/presen.html

e OIDOMOODOOODOOODO
http://members.tripod.com/~ sekky/presman.html

e 000 ODDODDDDODOOODODODODDIO
http://www.naruto-u.ac.jp/ rcse/s_opre.html

e J0IMOOODDOOOODOOOO
http://project.aichi-u.ac.jp/class/mytext/hyogen/

e 00O ODDOOODDOOODO
http://www.ee.fukui-nct.ac.jp/ yoneda/text/other/presentation/

'S.M.Reinhart 0 “Giving Academic Presentation” 0 5 0 O “Giving a Problem-Solution Speech” O
ooooo
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O0o0o0obdoboobboobobdodobdnbd

gooogo

e (/2200 0000000UDODOODOO
gboooboobooooobooooooboooooo goooog

e 6/29: D0UIDOUODOODOODOOO
goooog

gboobooooobooooon

0000000 (K207) 00000000000 0O0OOoOOD1I00-100000000000
goobooog

b obooobobuoobobuooboobbooboboobboobobbbo@moboon
gbobobuoooobbobuoooobbbnm

gbboobuooboobuooboobooboobooobooboboboboooo
goobooobb4k—-1000b00b00boboobooooboobuobobooonog
gbbooboobobooboooboobbooboobbadnete.

gboboobgoobobooooooboobobooboboobbbooboobobo
gboobooooobooooomooogoobobobbobobooboobbobooooo
gboboobbooowbhooobooobooobbooobbooobboooboo
ubobobbod-booobuooboobobooboo

gboboobooboboo40bboobooboooobo

1) Situation: D0 O00OO0O00O0O

3) Solution: DO OOOOOODOOO

4

(1)

(2) Problem: 0000000000000

(3)

(4) Evaluation: 0000000000000000

00 2. 000000000000000Situation, Problem, Solution, Evaluation
0000000000000 0d0DoomoboobOboo0o0o0ooooOoobODbDOo0o0oOoOoon
O0ooooo

gbobooobouoooobobobobooboboooobobooboboboboboood
gooboobooboboooboobooobboobboobbooboooobooboobbo
gbbodboobobooboobboobooobbooo

00 3. 000000000000 DLO0000O0DOO000DOOO0O0O0DDODbOO0OOn
00000000000 0000000 Situation, Problem, Solution, Evaluation
000000000 DO00O0000bL0000bOO0d0bOo0bO00ooooDOOoooOoooOo

goboooooooooooboooooooooobooboboboboobooobooonog
gbobooboboobobdoboboobooooboboolboobooooooooooooooboooo
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4. 0000000000 1000000DO0O000O00OOOOOOOOOObODbO00
gobooo

gooo

0000000000000 000D0UooUoUooooooUoUuooO (handout) D OO
gogboboooobobooobbooobboooobbuooboboooobbobooobbooboba
0000A4D00230000000000000000000O0000O0

O05.00000000A40023000000000Db000O0OO0DOD

goobooo

e OU0ODDOOODDOUOOODLOOLOODLDUODLDUOODODLDLOOODLOODLDO
gobogobboogbooobbooobboodbbuooobbooobooba
gbuogobodboobbodobboobuoobmbogbooboboagboo
gobogobboogoboboodbbuooobbooobbbooobobooa
gbggbbouooobbuooogbboooonobboooog

e OUODLOOODLDIOOOODUOODLDDLOODLUODLDOOOLOOODLUObLDO
gobogobbobbooobsbuuoooboobooioog8sudeng4o20d
gbobooogogobobdago

e OUODLOOOODLUODLDDUODLDOO IBULUOLDDLOODLDDLOObLObLDO
goobbbobobobobbotbtotbddouooouooooooboobobbbooood
goobo

e OUOODLODODUOODLDDOOODLDOUOODLDDLULODOLDDLbLDOOOODLDbDOO
OO00D00000DO0OD000@mObOODbD 60210000 CafeDavidODOODODODO
OO00O2000000000000000280000 CafeDavidOODODOO
OO00DmMOoOoooHPOODOODOOOOOOODOODOODODODODODOOO
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(1) ooooooooooo (2) DOoODODOOoOOoOO
(3 DODooooooo (4 D0O0DO0DO0ODOODOODOO
(5) OO0 SituationO 0 O (6) 00O ProblemO 00O
(7) 00O D00 SolutionO OO (8) OO O Evaluationd O O

oojlooooo | | @@ GG mM]©) ] oo |
00| oooo |oo|oo|oo|oo|oo|oo|oo|oo DDD‘

gbobobuoogobbobuooobobbbuooono

pojopooo | ] @G ]@]6 |6 ]@] 6 | oo |
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Hoooo ¢ 7/200000000000000000

gbooooogd

0000 Jordan O O

000 I=[0,1]0 R*O000000000000000 JordanUOO O0OO0O

001.00 XeR?OOODODOODOOOODOOOOOOOO

e 100100000 S, 000 e00000O0<e< 1/8000000DOOODODO
OOoo00bobo0ob04000000000D0ODOD S,0000

e 5, 0400000000000 00000000000 S,0000

e J00OS, 0400000000 DOOO MM 00000000000 Sy O
goo

o X =25, 0000
0000000000

(1) X 0000200 Lebesgue 0 0000000
(2) X0OOOODOOOOOOO

(3) X0OOOODOOoOoOO

(4) XO0OODOoooooo
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Koch OO

KochODOOOOOOOOOOOOOOO K, (n=1,2,...)00000000000O
ooooodbo Koooo

(report) KochOOO Jordan 000 O0O00OOOODOO

OO0 3.KochOD KOODOOOOOD K, OOOUOOK,ODO0DOO0OO0OOODOOOOO.

004.0000 Jordan0O0 JOOOOOOOOOOO0O0O0O0ODO length(J) 0000
0000000length(K) =00 0000

(report) KochOO K O 200 LebesgueD 000000 OOODOODODOODOO
OHint. KochOOOOOOOOOOOOOODODOOOOOOOODODODOOOOODOOOMm

gbobobooogboo

goboooooobooo

e 10 100000DO /20002000000

e 10000 10000010000 1/20000 4=22000000
e 10000100000 10000 1/20000 8=22000000

0000000 pO0O0O0OO0 XO XOOOO 1/e000000 NOODODODO
O00ON=4”000000000000000000

O0R"0000 X0 XOOOO 1/e 000000 NOOOOOODOOOOO
dimg(X) :=log N/loga O S 00000 O similarity dimension) 0 O O

00 6.KochOO KOODOD dimg(K)OOOOO
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00 7. (report) OCantor0 300 0000000000000 DO0ODODODODODOOOOO

Box O 0O 0 Hausdorff O O

gbouogbboobuogboobbooboobbooboobboobbooboo
OO0O00oO0o0bOo0oboob0bUdb0KechOODOOObOoOoobooobobooobO
gbuogbobobobodboboogbuodgbboobuoobobobbooboobbon
gbobogobodbogobooboobbbobbobboobooobooboon
OO0000D000000 Hausdorff OO ODODODOOODOOODOOOD BoxOOODOOO

00 Y CR*OOO (diameter) O diamY :=sup, .y [z —y|| 000000

e X O R'O00000D0000O000 {U},.y 0 X 0600000000
XclU,yU: 0000000000

H3(X) = infuy Yino(diam U;)* 0000 {03} 0000 00000000
O0H*(X) :=limscHJ(X) O X O s 00 Hausdorff OO OO OO O

O0O00O0HS(X)=0(d<s) 00 HY(X)=0(0<s<d) 000000 O
00 d00000000 d=dimg(X)0000X 0 HausdorffO OO 000

oooobdob r>0000000 X0O-00OO0OOO0OO0OODOOO r0n0
0000000000 N(r)DOOOoooooooo

log N
¢ = lim 25N
r—0 logr

000000000000 Box0OOOODODO Minkowski 0O OO0 OO
d' = dimp(X) 0000

00 8.0000dimg(X)<dimg(X) 000000000

00 9. (report) X :={0,1,1/2,1/3,...,1/n,..} 0000000000 = dimy(X) <
dimg(X)=1/2000000000
KochDO KOOOODO

logd 1 5616. ..

dimg(K) = dimg(K) = dimg(K) = log 3

0000000000 00D0D0ooD0OO0Ud00dimg(K)OODODODDODOOOOOO
OO0000000 HausdorffU D OO OO BoxODOOOOOOODOO

http://en.wikipedia.org/wiki/List_of_fractals_by_Hausdorff_dimension[10 [J
Oooooooooooon
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dm(D0O0000OOCODOOO0O) = 1.3057..

dm(000000000000) = log3/log2 = 1.58..
o dm(z2+c0 JuliaOO) = 1+ [¢*/(41log2) + o(c*) (c — 0)
e dim(Mandelbrot DO O O0O) = 2

e dim(DOD0ODDOO) = 1.24

e dim(00O0D0D0OD) = 152

e dim(000D0D000DO0D0DOD) = 4/3 = 1.33..
e dim(I0O0D0D0) = logl3/log3 = 2.33..

e dm(DODODODOOO = 2.66..

e dm(DODODODO = 2.79.

e dm(DODODOO = 297.

e dm(DOD0O0DODODOOOO = 23

e dm(DODODODODO = 1.85

e dm(0D0 = 130000000000000000

gooo.
e OO UIDUOOODOLODLDDODO
e U UIOUOOODLDLDDODOUOOODLDLDDOOOODLDDODO
e K OUDODOODOOODOODODDODDOODOODOODODDODDO

e P.Mattila. ”Geometry of sets and measures in Euclidean spaces”, Cambredge.
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opoooo
gobooboooooobboobooobooooo
oooooooog..o e 7/200000MI00O0UUIDOOOO

gbooooooooboo

gbooobog

gobbbobbbuooogbolioobooooooobbbbbbuoooon
gobobuoooobbbuoooobobboooobobobooon

e JO0OUOO0OOLODLDDLOOOOLDDOOUOODO
e OO UOOODLODLDOOOODLDODOO

gobbbobobboobouooooobbobDooooooobobobbooooooon
gobobuoooobbboooobobobooou

gbuogogboobboobooobuobobooboobbuoooobuooboo
goboboodgd

gboboobgoobobooobooboboboobobooboboboboboobo
gbooooomoooooooobooooooobooooooooogoon
goobooobbooobmoobboobobbuooobbooobbuooobboon
ubboobobodgb20b0d0bbooobooboobobooobooobooboan
0000000000000 (minimum) 000000 (maximize)D OO0 OO0O000000O
0000 (maxmin strategy) 00 00000000000000O

002 (D0C0CO0OO0O0O00) boooooo

e 0 0IDODOOOODOODOOUOODOOOODODOOODOOUDOOAODBOODO
gobooboodgd

e 0 0OD0OO0OO0DDOOODOOOOOOOUDADDOBOOODODOODOODOOOO

gbobobuoooobbbuoooobbboooon

gudgz2ooon
gbbodobooboooboobooobbooobooobobo
1) oooooobog 20
2) bgoboobobooob200b0booboobboooboobbooobOon
3) boobogobooboobobooobg

4) Dboogobboobobo 1obboooobooobboobobooobbOooboboOon

gobD1oo0om

(1)
(2)
(3)
(4)

(5) DO00OOOOOODOO0OOUOOOOUOOOUOODOOUODOOOUDOODODOUOOOOOO
gbboooooobogon
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O00000000000000000 20000 (finite zero-sum two-person game) 0 0 O O

gboboboodggilobodg20000bbuooo200bbbooooooobod
gbobobuoooobbboooobobboooobbbooobbobboooon

0000000020000000000 (matrix game) 0000
e 0000DO0ODCOOOOOODOROD O0OOOOOOROD 200
e 0 R,ODOOOOOOOTL,....i,....,mO0001,...,4,...n0000

e 0 R OOOOOOO ;000 j0000000P 0 ROOO (payoff)DODOOO
fl(la.])DDD fQ(Za])DDDD

00020000000 (2)000 £1(,4) + f2(,5) = 00

aij = f1(i,5) = —f2(,5) 0000 mxnO00 A:={ay;} 00000000000 (payoft
matrix) D000

e 200000D0DOO0DOODLDOODDLDODODDOODLDDOODOT

Oae; 0 A0 ROODOODOOOOOOOCOOOOO0OO0O0O0AOO000000O00000C0OC0O0O
00000 (maximizer) 0000 PR 00000000000000O0O0O0O0ODO0O0O (minimizer)
goboobbogoo2000bbooobooboooon

goobooood

000000000 A=(e;) D00DO0O0ODOOOODO0OODOOODO AOOOOODOOO
gbboobbooboobboobuobboobuoobbooobooboo

v] = max <mina1j, minagj,...,minamj> = maxmina;;
J J J i

000000000000 000 AO0OODODOO0OOOOOO (maxmin strategy)d O 0
0 v, 00000000 (maxmin value) 0000
0o0oooboobooboD R,OO0ODOOODOOOOODODOO0

vy = min (maxail, maxaiQ,...,maxam> = minmax a;;

A A A J A
O000000000000000 AOOOOODOOO0O0OOO (minimax strategy)d O O
00 00000000 (minimax value) 0000
0000000000000 00000000D00000 (minimax principle) 00000
O0vi=v, 0000

maxmina;; = minmax a;;

K3 J J (]

O00000o0ooooooooooo (¢%,4%) 0000 (equilibrium point) 0 000

goobobbooooobobooobboboooooobmooboobooooooo
gobobobooboboobobdbbeccbgoboooobbOoO
gbooodbtblbecccc00oboonoooboboboobonoboonooon
U000ccccc0000O00O00DOO0ODOOOOOOODOOMOODOODOO
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gibbvn <v 000000000

o s 0dggobboogoobbuoooonobobuooon

4 -1 =2
A= 1-3 0 3
3 1 2

() OO0 AOODOOOOO0ODOARDOOO00 ¢=1,230000000000000
OO0 pO00000O0OO0O0ODOO0O0O

(2) PODODO0ODNOOO0OCOO00O0OOOO0O0O0OOO0O000O0O00000000000
(i,j) 000000000

(3 oOO0Op 0 ROOODO0OODOOOOOROO0OO j=1,2,30000R,O0OO0O
oboobooobooobo pOOD0DODDOODOODO

(4) ,ODODODMOODO0O0OO0O000O00O00000000000000000000
(i,) 000000000

(5 000P 0 R,O0DOO0OOOOODOOOOOOODOOOO

b e.0uodbbbuooobobboooobbboooobbboooobbbooan
gobboooobbooon

1 0 2 b3 20
e (_1 _1> @8 3) (0 1)

gooo

godooooooooboooooooooonooooooong n<wvwdoooooooo
000000000 00o0DO0ooooooooo AC.DoyleD OOOODOOOOOODOOODOO
oo ooooooooooooooooooooooon J. von
Neumann 0 O.Morgenstern 0 000000000000 (mixed strategy) 000000000
ooon

ggoooboobobbooooobobobboooobbboooooobobooobod
goboogboobobooboboobboobooboobooboobobboonbo
ggoooboboobobouonooboobodobobooboboboboboboboooo
gobooboobboobooboooobooo

gbogboobuooboboobbobuoobooobobobuoobobooooog
goboooooobobobobobobbobobbobobooboboobobooo
gboogboobooboboboobobooboooboobooooboooboooboo
gboboooboobobooboboobooboboooobobooboobg
goooobobobobouooooobbobobooooboboboooooobobooboo
gboboobobooooboobobbobboooobobobooboobong
goboooobooboboboboboooboboobuoobuooboboong
goodg
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0 7.000000000000000C00OO0OOOOOOOOODOODODOOOO AODOOO
oooooooooo pO00D0OODO0OODOlI=0DO0O0O00L0DOOO2=00000O0
020000000000000000000000O00ODOO0O0ODO0O0O0fA(,1)=11(2,2)=0
goboooobooboooobobbooooobooboboooooboboooobobg
0000000fA((L,2)=150000000000000000000000O0O0O00OODOOOO
000000000000 0000000o0oooOooOoUOfe,)=100000000000
oooooooo f(i,9) =-f36,7) 00000000 0O00D0DO0DO0DOOOOOOOOOOOO

oooooooo
0 150
A= <100 0 )

000

() 000000000000 oOoOoOOOOOoDOoOOOoOO

(2) O000D0O0O0UO0O0UOOO0DOOOUOO0OOD pO00O0000000 pe=1—p1 O
00000000000 O0DOo0oon p=(pm,pe) DO00DO0DOODOOODODOOOOOOMmM
0000000o00o0o0oO00U0ooO0o0oOo0O0UooO0U0D E(p,l))D0DDOODODO
000000000OooOoO0oO0O E(p,2) 00000

(3) 00000000000 00000000000000000000 ¢=(q1,¢2) 0000
000000000000000000000 E(p,q) 0000000000000000
0000000E(,q) 0 pi,q 000000

(4 000000000000000 p=(p;,1-p)000000000000000000
D00000000000000000 g=(q1,1-q)0000000000000000
00000000000 p=(m,1—-p) 0000000000000

(5) OUOODO0OOUOOOOOMUOOOOODOOOOODOODOOOOODUO0O0O 9= (q1,1—¢1)
gbooboooood

(6) maxmin F(p,q) = minmax F(p,q) 00000000000 0O00OO
pq a P

(7)y DODOoOOoOooooOOo0Oo (pfeY)OOODODODOOOODOOOODODOODODODOOOOODOO
0000000000000 (optimal strategy) 000000000000 00OOO0O0OO
gbboobooobobooboooboobooooboboobuooboobboood

gboboodobboooooooo

00000000 (J. von Neumann, 1928) 000 000000000000000OOO
P, (k=12 000000000000000000 S00000000 E(p,q) (p €
Sl,QGSQ)DDDDDD

max min F = minmax F
max min (p,q) min max (p,q)

00000000000000000000 (pY¢)eS1 xS 0000001000000

gooo.
e WHODODOOOODDODOODODDODOODD—DOOODODOOODOOOOOODDODDOOOO
o JO0IDOOOODOODOODODOOODOODO
e RJ.OODDODMDNODOODDOODDODOODOOO
e G. Owen. “Game Theory (Third edtion)”, Academic Press.

00 K2-3B07-10 ooboobooooobooooo
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O0o0bodbd —oobodbgdid

gobogoboobooboobooboobobooboobooobobooboobbooboboobboon
obooooobooooobboooobobooboobooooooboooooon

gooo

00000 (agent) 000000000 (¢(=0000 M>00000000000000
000000000000000000000000000000000000¢=100000
0000000000000000

0000t=10000000000000000000000000000000000000
0000000000000 000000000000000000 +=10000000000
0000000000 Q={1,2,...,S}000000000000000000 {Pw) : we Q}
000000000000<Pw)<100 PA)+P@2)+---+P(S)=10000

000000 (security) X 0000000000 ¢>0(00)0000 (dividend) 00O
00 Q000000 D(w) 00 (¢,Dw) 0000000

ooobooboooooboogbo ¢gbOO00obOooobooOoooDbOoooDb weQOOO
000 Dw)OOOUOOODOOOUOODOOODDOOOODOOO

gogbogbdobodboobobodboboobobooobuooboboon

e U0 XOODOODOO (return) O

O000ORw)O QUUOODODODDOO

e U0 X OOOOOO (expected return) O

goon

e 00 XOOODOOOO (variance) O
V(X) = ) {R(w) - E(X)}* P(w)

gogon

goboobDo0d Xy,X,, Xs, X, ODODODOOOO0ODODOOOOO0ODOOOODD
gooo

(1) E(X,)00000V(X,)0000  (2) B(X,)00000V(X,)0O000
3) E(X;)00000V(X,)0000 (4) B(X,)00000V(X,)0ooo

00 K2-3B07-11 ooboobooooobooooo
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goboooog

000000000000000 (skaverse) 0000000000000V(X)00000
00000000000V(X)000000000000000000

00 NOOOO X1, X,,..., Xy 00000000 X; = (¢, Di(w)) 0000000 Ry(w) O
000000000000000000000000000 00 X;0000000 ¢;,0000
0000000000 X; 000 X, 000000000000 6,=6,=1/20000000
0oooo 64M=6,M=M/20000000000000000

br+624---+0y =1

00000000000000000000 #=(6,...,0y) 000000000 RVNODDOO
0000000000 (portfolio) 00D D000 000NN DDDOOOONONODODDOOO
ooooooootl

003.0000000 6=(6,...,0y) 00000000000000000 weO
0000000000 Dy(w) 000000 Ryw)DODOODO

00 4. 0000000 Dep(w) D0DDOD0D Ry(w) 00D0D0D0D0DOOOOODO 6 =
(61,...,6y) 000000 EMOO0O0O0O0O0O000 V() OOOOO

X; 000000 EX;))0 1 0000p=(u1,...,pny) eRYN 0000000

oy = SO(Riw) — ) (R; (@) — ) P()

w

000000000 NxNOOOO (O‘ij)D coobooooooooboooooooao
ooooooooo 6= (64,...,0y) 00000000000 DODO E)OOOUDOOODOO
0 V() O

E(0) = (0,u) = '0p  V(0) = (6,00) = '0C0

Doo000ooooood,) o0 RVNOO0O0O00000000

005. 0000000000000 Cauchy-SchwarzO 000 |oy4| < /os0;,; 0000

goobooogobooo

gooboobooooooboon

00 X;,...,Xy 00000000000 6= (6,...,0y) 0000000000
E() 0000 E0DDO0OOOOOOOOOOO V(A)OOOOOoo0oooooo
ooooo

0000000000 1000 RN ODDO0O000 1000000000000 400 RY
000000 (,1)=1000000000000000000D0M; <O00DODOOOOODO
0000000000 (short selling) 0000000000 O0OOOOOOOOOOOOOODO

l0po00000000000000000000000000000D0

00 K2-3B07-11 ooboobooooobooooo
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gbobobd:=10000000000000b000b0bo0oboboobobboboo
goom
gboboodobboooooooo

ugob p0 100000

Oo00O ODoOooooo coooo
gbbodobbooobooboooooad

9cRY O (/,1)=100 () = EOODODDDO0O0ODOOOOOOOV@) O
00000 ¢000000

006 (200000000) N=2000000000000000000 @
(1) 0000000 6=(6,6,) 0 EODD py,p, 0000000

(2) 011 #0, 020 #0, 011 #£02, 00000000000 V() O EODD g, pue 00
0oooon

(3) Cauchy-Schwarz 0 00000000V O FOOOOO0OO0OODODOODOOOO

(4) 00000 V=¢FE) 00000000000 (u,01) 000 (us,00) 0000
0oooooo

(5) 00000000 DOOO0O0O0COOOO0O0O0ODODOOOODODOODOODODOOODODOO
gbooodgg

() D0DU00O0OU00OCOUODOUDODOUOO0OOOUODDOUDOOUOOOOUDOOOO
goo

N>2000

NO2000000000LagrangeJ00000000000000000000000C
0000000000000000000000000000O000000000000000
0000

0000 (9,1)=1000 (u,6) = E0DO0D Lagrange 0000000 Ay 000000
00000000000000000000000 M Lagrange D0 O

L(OA9) = V(0 = A(6,1) = 1) = ((1.6) - B)

00000000000 6= (0*,...,.05), \X,v* 00000

oL oL _ oL _
90; o oy

goob .=1,...,NOOOOOOOOoOooOoooooooooooooooo

0" = NCl14+~C

00 K2-3B07-11 ooboobooooobooooo
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gooboooooooodobooooao
aN*+byt =1, N+ = F
ooo
a = <C’711,1>, b = <C’71u,1>, c = <Cil,u,u>

0000000000 C 0000000000000 d A=ac=0?>000000000
000000000000 (\,v)=(c—EbeE—b)/A00O0OOOOOOO
Cc 1+

0* _ C—IM

c—FEb aF —b
A A
00000000000000000000000000000000000000000 EO
0000000 V(@) ODOOO00O000000000000000000000000000

00000000
000000 b=(C"'p,1)#0000006;:=C"'1/a,0;:=C'p/b00000000O0
000000000000000000000000000000000000 6*0

0" = afi+00; (a+B = 1)

0000000000000 D00«eD0 pO0000O0D0 FOODODOODOODODA000000
goobobooooobooooooooooobobooo20b0 b CcoOobDbooobDbOOoOoOoo
g H;D ¢;00000000000000000000O02-000000000000 0;D 0%
gbbodbooooboad

e JODODDODO H;D v*=000000000000000000000000000
googoood V(@;) =1/ 0000000000000 0OO00OOOOOO0O (global
minimum-variance portfolio) 0 O O O

e JO0OODOOO ¢;0 *=000OO0O0OOOOOOODO0OO0OO0OOD0ODO0OO0OO0OO0O00O0O0O0O0O0O
00000 ¢o=VY2 000 OEc 0000000000000 00000O0DO0000
gbooobobooboboobdoboouoboobobooboooobobooboobobd
(diversified portfolio) 0 OO O

goog.
o JUDDOUIODODDODDODLOUOD —DLOODLO —0ODOODODO

00 K2-3B07-11 ooboobooooobooooo



Joboodoodbooggn
Joouuboodn

OO0000 O0O0O0O0O0OOIsaac Newtonld
ooogoogggog

isaac.luvz.gold@math.cambridge.ac.uk

1 June 1670

g0

goboobboobuooboobboobooboboobbooobda
gbooogbobooboboobobboooboooboboobobon
gobodboooboboobooobobooooan

1 O0o0oood

000000000000 00000000000022 -2z —1= 00223 -
?+2r—-5=000002003000000000000000000000
0000000002 -1222-1=00000000000000000000
goooo

00 1 (000000000000000000000) 4000000000
gbooboodgobobboooobbboooan

gboboboogobbboggsbbuouooobobuooobbboaoan

gogbobobogbogbsbugbobogbuogboubobboboobon

gobboooogobobuooobbbon
goboboooobbbuoooboboooobooo

22 —1=0 & z=1+V2

0000001++/200000000000000000000000000
D00000000000000000000 22-2=0 < z=+/200
gobobobooogobobbooooboboooon
gboboodbbodgboobooboobduoobooobooobboon
gbobgdgbobogbobbuooobboobbooobuoobooobboon
gbboboodguoooboboooon



001 m=234,..00000000

U™+ Ay 18" b ar Fag = 0 (ay, #0)

goobooooboobooon

gbooboodgobobboooobbboooaon

2

Joogoo

gbooudgbul1gbugobooobbobbooobbuoooboboaon
goobobboogoobooo

1.

d.

6.

Oo00000od mO0000
f(x) == ama™ +ap 2™ '+ Fawt+ag = 0

00000000000 y=f(x)ODDODOO

.obbtdyoogbbobbooobobbbuoooobobogo

0 «0000000000000000000000 200000
000000 (zo, f(z) 00000000y 000000 (£,0)0000
000000 (21, f(z1)) 00000000y 000000 (2,0)000.

00000000 2,000 2,,, 00000

goboobooogon

Zo

= T > T b T3 1y — -0 — --.—a0000000000)

y=[f(z)0000O (o, f(20))




goboboooobbobooooboo

00 2(N) 000000000000000 =, (n=0,1,..) 00000

— f(xn>
Tntl = Tn () (1)

000000000000 f(z)=000 « 000000 §=4(a)>0000
000000 20 |zo—a/<600000 2,0 « 000000

00000 [N1JO00O0O N2J00000000o0o0oo0onooogoon

3 OO0

00000000000000 f(r)=22-2=0000000000000
OooOoboobdd

obdb zo=200000000
2 —2 B 2 +2

n

Tntl = T 2r, 2z,
000z, 000000000000000000000
0000 T, | 2,0 V2000 |

2.0000000000000000000 | 0.586
1.5000000000000000000 | 0.0858
1.4166666666666666667 | 0.00245
1.4142156862745098039 | 2.12 x 107°
1.4142135623746899106 | 1.59 x 1072
1.4142135623730950488 | 8.99 x 1072
6 1.4142135623730950488 | 2.86 x 1074

000000100000000000020000000000000000
000000000000000a00000000 |2a — o =O(|z, — af?)
000000000000

Q=W O

4 00O

gobobooooboboboooobobon
OO0 A. OO0 2000006000000000D00O00OO
O0B. 00 200000000000 0O0ODOO0ODODODOO

O0C. 00 200000000000 zOO0O0O0OoOoooDOO (1))oOoOoOO
000 f(z)=0000000000000000000O00O0O0OOOOOO
gboboboogobbbouoobbobod

gbobbooooobbbbuooooboobbbbouoooobobbboo
gobobbooogobbbooobbobboooooobooo



oo

[N1] I. Newton. De Analysi per Aequationes Numeri Terminorum Infinitas. To
be published in 1671.

[N2] I.Newton. De metodis fluxionum et serierum infinitarum. In preparation.



