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¹����ãO�ko�

¹���ãM_D

pfgo�¹��k�Oú�F��Hp&

I x2 − 2 = 0 ( ⇐⇒ x2 = 2)
I 2x3 − x2 + 2x− 5 = 0
I x100 − 12x2 − 1 = 0
S��n¹��nã�hfB�_D�

�,k�m = 2, 3, 4, . . .k_DW�

amxm + am−1x
m−1 + · · ·+ a1x + a0 = 0 (am 6= 0)

hDFbn¹����Hf��F�

Tomoki Kawahira (Nagoya University) Cosmos & Chaos NHK Culture Center 20070324 2 / 1



¹����ãO�ko�

pfn��û¬¦¹k��p&

�¬¦¹�Carl Friedrich Gauss, 1777-1855	o!n���<�
W_�

ãpfnú,��

m!¹��

amxm + am−1x
m−1 + · · ·+ a1x + a0 = 0 (am 6= 0)

o�Í�¦¼�g	m�n� pã α1, α2, . . . , αm �ÅZ�d�

=⇒ go�α1, α2, . . . , αm �wS�kB��koiFY�p�DK�
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¹����ãO�ko�

ãnl�

¹��nã��H��nk�ãnl�LB��
I m = 2nhM�2!¹�� ax2 + bx + c = 0nãnl�o

α1 =
−b +

√
b2 − 4ac

2a
h α2 =

−b−
√

b2 − 4ac

2a

I m = 3nhM�3!¹�� ax3 + bx2 + cx + d = 0nãnl��D���«
ëÀÎnl�	o

αk = ωkA+ + ω2kA− −
a

3
. (k = 1, 2, 3)

_`W ω =
−1 +

√
3i

2
(i2 = −1, ω3 = 1)�

A± =
3

vuut−27c + 2a3 − 9ab

54
±

s„
27c + 2a3 − 9ab

54

«2

+

„
3b− a2

9

«3
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¹����ãO�ko�

ãnl��deM	

I m = 4nhM�4!¹��k_DWf��Õ§éênl�h|p�
�l��hDF��oãÕ	LX(Y��

I m ≥ 5nhM�¢üÙë�¬í¢k���ãnl�oX(WjDS
hL<�U�fD��

I è��ãnX(êSoãpfnú,��k��Ý<U�fD��

I =⇒ �,m!¹����ãO�ko��ãnl�å�n¢
×íüÁLÅ���
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¹����ãO�ko�

%n¢×íüÁ

I ]�]���ãnl�oykËdngB�FK�

I _WKk�x2− 2 = 0kþW�l��� x = ±
√

2���L�þ�
�ko

√
2 = 1.41421356 . . .hDF$h]n¾¦LÍ��]Sg��

I �¹���ãO�ho�]nãnhf�û�n�_hHp	
¹pW150�A�jin	¾¦g�H�ShgB��

hãÈWf��F�

I å�go�]n¹Õ��Hf����o���jºiL{4�
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¹����ãO�ko�

��	��n�BnºgY

I ¢¤¶Ã¯ûËåüÈó�Issac Newton
1643–1727	

I 1667t±óÖêÃ¸'fY�k1
û��!P�pnã���W�Y�

I ]n,n-g�¹��nã�û�n¾¦g
�H�KÕ�ËåüÈóÕ	�zh�

Tomoki Kawahira (Nagoya University) Cosmos & Chaos NHK Culture Center 20070324 7 / 1



ËåüÈóÕ

ËåüÈóÕ

I �H��_ m!¹��

f(x) := amxm + am−1x
m−1 + · · ·+ a1x + a0 = 0

k_DW�~Z¢pn°éÕ y = f(x)��H��
I °éÕn y øhn¤¹���p�'SnãnMnL�K��

x

y

O

y = f(x)

α1 α2 α3
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ËåüÈóÕ

ËåüÈóÕn¢ë´êºà

xø
α

x0

(x0, f(x0))

x1

(x1, f(x1))

x2

I ã α�~`cºj$o�K�j
D	nB��¦ÑDp x0 �x
v�

I °éÕ
n¹ (x0, f(x0))K�
¥Ú��M�y øhn¤¹�
(x1, 0)hY��

I °éÕ
n¹ (x1, f(x1))K�
¥Ú��M�y øhn¤¹�
(x2, 0)hY�.

å��Øk�Q�p�

x0 7→ x1 7→ x2 7→ x3 7→ x4 7→ · · · 7→ · · · → α �i�i�ÑeO��)
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ËåüÈóÕ

ËåüÈóÕn¢ë´êºà�deM	

I ËåüÈóÕg����p�

x0 7→ x1 7→ x2 7→ x3 7→ x4 7→ · · · 7→ · · · → α �i�i�ÑeO��)

o�l� xn+1 = xn −
f(xn)
f ′(xn)

��_Y�

I �cf�Snl�k$�Í©WfãeY�pËåüÈóÕn¢ë´
êºàhj��

I ��� f(x) = x2 − 2nhMo�

xn+1 = xn −
x2

n − 2
2xn

=
x2

n + 2
2xn

I ��� f(x) = x3 − 1nhMo�

xn+1 = xn −
x3

n − 1
3x2

n

=
2x3

n + 1
3x2

n

Tomoki Kawahira (Nagoya University) Cosmos & Chaos NHK Culture Center 20070324 10 / 1



ËåüÈóÕ

ËåüÈóÕo�D��

_hHp f(x) = x2 − 2 = 0k��$� x0 = 2hWfËåüÈóÕ�i
(Wf���l� xn+1 = xn − x2

n−2
2xn

= x2
n+2
2xn

��&

¹ÆÃ× xn xnh
√

2n¤î
0 2.0000000000000000000 0.586
1 1.5000000000000000000 0.0858
2 1.4166666666666666667 0.00245
3 1.4142156862745098039 2.12× 10−6

4 1.4142135623746899106 1.59× 10−12

5 1.4142135623730950488 8.99× 10−25

6 1.4142135623730950488 2.86× 10−49
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ËåüÈóÕ

WKW��O¹L&

I ËåüÈóÕg����p�

x0 7→ x1 7→ x2 7→ x3 7→ x4 7→ · · · 7→ · · ·

L�Ddg�ã αkÑeOhoP�jD�

I �³óÔåü¿ügªD��rhd�f�~W�F��

I go�αk_DW�in�¦ÑOk x0 �h�p�
n�Fjp�L
����n`�FK��

I =⇒ ¶Áo� pg�_{FL�K��YD�
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ËåüÈóÕ

a�ch`Q� p�©ÒW~W�F�

�p�pôÚ =⇒ � p��psb�i2 = −1	�
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ËåüÈóÕ

2!¹�� f(x) = x2 − 2 = 0n4�

I ±
√

2�ãk�d¹���

f(x) = x2 − 2 = (x−
√

2)(x +
√

2) = 0

I ]nËåüÈóÕ�xn+1 = xn −
f(x)

f ′(xn)
= xn −

x2
n − 2
2xn

I −
√

2�+
√

2kÎ_Y��ß:�pn4�� pn4�

に収束する部分 に収束する部分

どちらにも収束しない
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ËåüÈóÕ

�,2!¹��n4��±üêün��

±üêün��. � p α, β�ãk

�d2!¹��

f(x) = x2 − px + q

= (x− α)(x− β) = 0

kdDf�

に収束する部分

に収束する部分

どちらにも収束しない

ËåüÈóÕL

ÏαkÎ_Y��ß D(α) h Ïβ kÎ_Y��ß D(β)

o αh β n�ô2I�ÚgI�rU���
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ËåüÈóÕ

3!¹��n4����!X]Fj�

I 3!¹��

f(x) = x3 − 1

= (x− 1)(x− ω)(x− ω2) = 0

I ão 1, ω, ω2�_`W

ω =
−1 +

√
3 i

2
, ω2 =

−1−
√

3 i

2
.

I ËåüÈóÕ�xn+1 = xn −
f(xn)
f ′(xn)

= xn −
x3

n − 1
3x2

n

I go�D(1), D(ω), D(ω2)nbo��
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ËåüÈóÕ

D(1), D(ω), D(ω2)nb

2!¹��K�^¨Y�h& WKW���o�

hjcfW~F���

I �³óÔåü¿g0è~gsWO�f�~W�F��

I Snþa�¬�Y�ko�i�j�ÖLÅ�`�FK�
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� �fûn�Ö

ËåüÈóÕ�¢pnÍ©��

I m!¹���

f(x) = amxm + am−1x
m−1 + · · ·+ a1x + a0 = 0

I ]nËåüÈóÕ�xn+1 = xn −
f(xn)
f ′(xn)

I °WD¢p��©� Nf (x) := x− f(x)
f ′(x)

I xn+1 = Nf (xn)���ËåüÈóÕo

x0
Nf7−→ x1

Nf7−→ x2
Nf7−→ x3

Nf7−→ x4
Nf7−→ · · ·

h¢p Nf (x)�Í©Wf��Y�ShkþÜ�

Tomoki Kawahira (Nagoya University) Cosmos & Chaos NHK Culture Center 20070324 18 / 1



� �fûn�Ö

�,�Y�h&

I m!��� f(x)kþW�

Nf (x) := x− f(x)
f ′(x)

=
xf ′(x)− f(x)

f ′(x)
=

[m!�]
[(m− 1)!�]

I �,�Wf�F (x) =
amxm + · · · a1x + a0

bmxm + · · · b1x + b0
hDFbn¢p�	�

¢ph�p��	��H��

I S��Í©��Y�h

x0
F7−→ x1

F7−→ x2
F7−→ x3

F7−→ · · · �LO+o�K�jD)

hDFp�L�����

I Snp�����$ x0 n F k��ÌSh�v�
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� �fûn�Ö

� �fûn�L³

x0
F7−→ x1

F7−→ x2
F7−→ x3

F7−→ · · · �LO+o�K�jD)

SFWf����ÌS_a�!n�FkãÈWf��F�

z� ⇐⇒ � phS�psb	
B� ⇐⇒ 0, 1, 2, 3, . . .
KÕÕG ⇐⇒ xn+1 = F (xn)

I S�o�X��U�_��LnâÇëgB��

I Sn�Fj D���¢p F k�� C
n� �fûh�
v�
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Õ¡È¦h¸åê¢

1918t°éó×ê

I Ñt³óÔåü¿ünzUk���� �fûn�ÖoWWOz
U�

I WKW]n�o�³óÔåü¿üåMkÉK�fD_�

I 1915t�Õéó¹Ñf¢«Çßüo!nøÞOL�zh�

I �Í©��k���fûkdDfn'ß��Ön�
��

I �ºnpf�Õ¡È¦h¸åê¢n�Dhjc_�
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Õ¡È¦h¸åê¢

)�f�g�Bc_ûÕ¡È¦

Ô¨üëûÕ¡È¦
(Pierre Fatou, 1878–1929)

I Õéó¹qèn:íê¢ók�~���

I 1901tK�¡t~gÑê)�ðkäÙ�
I ]n��pfn�v��Q_�

I � ã��M�Ö�)�fkJDfUWj
m>�
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Õ¡È¦h¸åê¢

'&nñÄû¸åê¢

¬¹Èóû¸åê¢
(Gaston Julia, 1893–1978)

I Õéó¹q»�n¢ë¸§ê¢�~��

I ,�!�L'&gÍºhWf;��

I SnhM�TbkñD·� D�;�1c
_�

I � ã��pÖ�¢pã�ji�E�D�
Îkm>�
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Õ¡È¦h¸åê¢

°éó×ênP�o���

I 1917t�¸åê¢oÖ��¢«Çßük�Ø�
I ]n��Õ¡È¦L¸åê¢h^<nP��Comptes Rendus�k
zh�

I ¸åê¢oComptes Rendus�J�s¢«ÇßükþW�p�
I P@&

I °éó×êo¸åê¢�ÞÑ3000Õéó
I Õ¡È¦nm>�ðH���ÞÑ2000ÕéóL���_�
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Õ¡È¦h¸åê¢

Õ¡È¦h¸åê¢n�Ö

go�Õ¡È¦h¸åê¢n�Ö�'Ñ�k�f�~W�F�

I �fûoÕ¡È¦Æ����jè��é�=³¹â	h¸åê¢Æ
����jè��÷�=«ª¹	k2�U���

I Õ¡È¦Æ����è�	ho����$LÖìf��ÖìL�U
Q�pÌSo{h�i	�WjDè���

I �� f(x) = x3 − 1nËåüÈóÕn D(1), D(ω), D(ω2).
I ¸åê¢Æ����è�	ho����$L�Wg�Öì�h�
ÌSLÀ	WfW~Fè���

I ��
gD(1), D(ω), D(ω2)å�nè��
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Õ¡È¦h¸åê¢

Õ¡È¦h¸åê¢n��

Õ¡È¦h¸åê¢oìËk�!n���:W_�

Õ¡È¦h¸åê¢n��

Õ¡È¦Æ����è�	o¸åê¢Æ����è�	k�cf1
��2���WOo!P�nè�k�rU���yk�a�Fi3dk�
rU��ShojD�

S�oOKg��

に収束する部分 に収束する部分

どちらにも収束しない

S�oÀág� SFjcfW~F�
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x2 + ck���fûhÞóÇëÖíüÆ�

F (x) = x2 + cK���U��¸åê¢Æ�_a

cn$�	H�h¸åê¢Æ�nb�	���
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x2 + ck���fûhÞóÇëÖíüÆ�

ÞóÇëÖíüÆ�

¸åê¢Æ�n�«¿í°�ÞóÇëÖíüÆ�kdDf�
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x2 + ck���fûhÞóÇëÖíüÆ�

B�LhFTVD~W_�

Â��.I

I �Õé¯¿ën�� �fûn¤áü¸�H.O.Ñ¤È²óÖ�·å×ê
ó¬üûÕ§¢éü¯q¬	

I �Õé¯¿ën�L�e�û� �fû��wÍ��å,UÖ>	

I Án¦§ÖÚü¸�http://www.math.nagoya-u.ac.jp/ ˜ kawahira	Êå�
(W_×í°éà�uLJDfB�~Y�

Tomoki Kawahira (Nagoya University) Cosmos & Chaos NHK Culture Center 20070324 29 / 1


